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Abstract

Graph data pervade many fields of contemporary science, being the subject of structural
learning and analysis. In recent years we observe increasing volume of structured datasets
derived both from complex networks and structural pattern recognition domains. This calls for
efficient and general tools capable of measuring similarity of large graphs and perform pattern
recognition tasks on structured data.

In this thesis we investigate the problem of graph comparison understood as a construction
of robust graph similarity/dissimilarity measure. This allows for moving from structural pattern
recognition to statistical pattern recognition field, which is more tackleable from algorithmic
perspective. Particularly, we focus on explicit embedding of graphs that is extraction of graph
features using topological descriptors. We present a new, general approach to graph embedding
based on invariants of distance k-graphs of a given graph. As demonstrated in experimental
section, the new framework for graph comparison, can perform better in terms of classification
and clusterization accuracy than state-of-art spectral methods. Additionally, after narrowing
study to distance k-graphs degree distributions forming so called B-matrix, we got information-
rich representation, which constitutes good basis for extracting graph features and visual graph
comparison. Moreover, B-matrices are more computationally efficient than currently usedO(n3)
algebraic methods. We perform tests showing that presented approach can be used for analysis
of complex networks and structural representations of images.

We also address the graph comparison task from technical perspective by implementing
Graph Investigator application being a software tool for analysis of groups of graphs. The aim
of building this program was to provide interactive framework for comparison of normal and
tumor vascular networks. Nevertheless, it can be used for any type of structured data providing
numerous topological descriptors together with unsupervised learning and visualization algo-
rithms. In order to improve Graph Investigator performance, we used GPU-enabled, optimized
implementations of graph algorithms including all-pair shortest-paths R-Kleene algorithm and
breadth-first-search. This allows us to analyze large graphs interactively within a 4 seconds
time slot.

Lifelessness is merely an appearance, behind which unfamiliar forms of life lie
concealed. The range of these forms is endless, their shades and nuances inex-
haustible. . .

Bruno Schulz
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Theses of the Dissertation
1. Distance k-graphs constructed on the basis of vertex-vertex dissimilarity measures of a given
graph G form ordered set of G-derived graphs, which allows for generation of isomorphism
invariants efficient in clusterization and classification on benchmark structured datasets.

2. Performance boost brought by GPU-enabled implementations of graph embedding algo-
rithms allows for increasing size of graphs analyzed interactively by two orders of magnitude.
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Chapter 1

Introduction

Graph theory constitutes a general framework for representation and analysis of relations be-
tween objects. Since Euler’s historical paper on Seven Bridges of Königsberg written in 1736,
it developed into mature discipline that pervades many areas of contemporary science and en-
gineering. Today, it encompasses many sub-disciplines whose applications range from physics
through biology to economics. Graph structures appear as the intersection of many research
fields, therefore, the advance of graph analysis tools is crucial for obtaining novel findings and
their practical implications. In Figure 1.1 one of possible partitions of graph theory into basic
research directions is depicted. The focus of this work is graph comparison sub-discipline, ne-
vertheless the others mentioned in Figure 1.1 are also considered. Figure 1.2 presents research
areas that benefit from graph representations and graph analysis tools provided by computer
science. Inter alia it shows theory of complex networks as one of the core elements. This theory
emerged in the last decade as interdisciplinary research area providing deep insight into topo-
logy and dynamics of real-world networks and a common viewpoint for their analysis [64]. The
four inner elements of the conceptual diagram shown in Figure 1.2 provide a set of general-
purpose tools allowing for quantitative description and classification of networks, regardless of
their source. The third diagram, depicted in Figure 1.3 presents more detailed view of graphs
utilization in computer science sub-disciplines. Particularly, new perspectives of graph-based
representations are emerging in such fields as image vision, image processing or sensor net-
works [111]. In the second part of the dissertation, an overview of structured data used in
disciplines depicted in Figure 1.2 and Figure 1.3 is introduced. Furthermore, we describe the
methods of graph analysis and recall challenges faced by researchers in this area.

Extensive use of graph structures stems from the following reasons.

• Describing a system as a set of binary relations or interactions among its elements is
convenient for humans. Such a fine-grained bottom-up approach reduces complexity and
renders the problem easier to comprehend. Depending on mapping of vertex to real
object, the edge can reflect association of any type: similarity, correlation, cause-effect
relation, physical link, social influence etc.

• Graph vertices form abstraction layer over objects of different types. Typically single
vertex represents single object but it can also be mapped to a set of objects (e.g. class
catch cover diagraphs [110]).

• Heterogenity of relations can be represented using edge weights.

1



1.1 Motivation

Figure 1.1: Graph theory sub-disciplines. One of many categorization possibilities

• Graphs allow for integration of large amounts of data into one high-level structure captur-
ing system as a whole. This is particularly useful in biomedical or chemical applications
where high-throughput experiments produce high volume data that cannot be easily tack-
led without previous synthesis. In this context, graphs simplify system-level analysis of
large ensembles.

In this work we explore graph dissimilarity measures and their applications in learning structural
patterns. The motivation for this research is presented in the next section.

1.1 Motivation
With a continuous rise of structured data volume, graph mining becomes complex and compu-
tationally challenging task. This is observed both in structural pattern recognition and com-
plex networks areas, where increasing size of analyzed graphs makes currently used algorithms
impractical. Examples of such large datasets include graph representations of images [46],
metabolic or protein-protein interaction networks [97], transportation networks, Internet and
WWW, power grids, protein-folding networks [129], social networks and many others [64,111].
Even a small sample of WWW network can have the number of vertices of order 107, social net-
works representing interactions between individuals usually have the size of order 105. Graph
comparison algorithms being the core of graph learning are designed to capture non-trivial,
subtle structural differences what usually yields significant time complexity. Although con-
stant growth of computing power allows for increasing size of structured datasets subject to
analysis, the development of efficient and robust algorithms is still a challenging task. This is
because only a small part of graph measures scale linearly with a graph size. The great part
of them rely on shortest-paths or graph random walks which yield time complexity O(n3) or
even greater.

Measuring graph similarity or dissimilarity allows for application of statistical pattern reco-
gnition techniques for objects originally located in the space of graphs which does not possess
inbuilt metric. Graph comparison is a crucial research method finding its applications in such
tasks involving structured data as confronting models and simulation results with real-world

2



1.1 Motivation

Figure 1.2: Use of graph data representation in various disciplines

data [58], building structured databases, classification and clusterization. The result of graph
comparison is dissimilarity or similarity measure that can be used in pattern recognition me-
thods. Due to non-vectorial nature of graphs, their comparison poses some intrinsic problems
that cannot be simply neglected during the development of new graph matching algorithms.
The direct comparison of two graphs requires enumeration of all sub-substructures and tackling
with elements order. The exponential cost of such procedure makes construction of efficient
graph metric infeasible. Graph comparison algorithms should also give results invariant un-
der isomorphism, what becomes cumbersome when typical graph representations in a form of
adjacency matrices or neighborhood lists are considered.

The practical approach to graph matching uses graph invariants to construct feature vec-
tor and embed graph into metric space. The question how to quantitatively capture relevant
structural properties of graphs provoked the development of graph measures such as clustering
coefficient, efficiency or betweenness centrality, etc. [50]. Today the abundance of scalar graph
descriptors makes the selection of relevant features a difficult task that can be tackled, e.g.,
with a help of information-theoretic tools [32]. Moreover, frequent correlations between typi-
cal topological measures influence accuracy of graph classification and clusterization based on
pattern vectors [91]. Therefore, the design of general framework for graph invariants genera-
tion, which allows for navigation between local and global structural properties and provides
information-rich set of features, becomes an important task. This can be approached both
from methodological and technical perspective. Firstly, by developing new graph embedding
algorithms and secondly by building robust graph analysis software.

3



1.2 Goals and Thesis

Figure 1.3: Application of graphs in computer science

1.2 Goals and Thesis
The aim of this work is to develop and investigate new, efficient graph comparison methods
capable of dealing with large, real-world graphs. To this end we focus on explicit graph em-
bedding algorithms which provide convenient way of dissimilarity-based graph learning. This
approach assigns feature vector to a graph yielding linear metric space. The specific goals of
research project described in this dissertation are presented below.

• Investigate how to exploit information carried by vertex-vertex metrics for graph em-
bedding and whether this information can be condensed to obtain meaningful, lower-
dimensional graph representation.

• Study efficiency of graph descriptors derived from theory of complex networks in structural
pattern recognition tasks including image clusterization and classification.

• Build software which allows for extensive, quantitative analysis of structured datasets with
the use of graph embedding techniques and statistical pattern recognition algorithms. The
focus is put on providing good interactivity and rich set of features, so that the application
could serve as ready-to-use, self-contained framework for graph matching.

• Test new graph embedding algorithms on real-world datasets to prove their efficiency.
This includes strucutral pattern recognition bechmark datasets and particularly the data
obtained from simulations tumor-induced angiogenesis [148,161].

In order to demonstrate main ideas behind this work and outline author contributions we state
following principal theses of this dissertation.

1. Distance k-graphs constructed on the basis of vertex-vertex dissimilarity mea-
sures of a given graph G form ordered set of G-derived graphs, which allows
for generation of isomorphism invariants efficient in clusterization and clas-
sification on benchmark structured datasets. Particularly, shortest-path vertex
metric applied to build vertex distance k-graphs and edge distance k-graphs yields graph
B-matrix representation, which is computationally less expensive than graph invariants

4



1.3 Overview of the Dissertation

based on Laplace matrix spectral decomposition. Graph feature vectors derived from
B-matrices are information rich enough to distinguish graphs with non-trivial structural
differences and outperform graph descriptors derived from spectral graph theory. This
constitutes general framework for comparison of unweighted and weighted graphs.

2. Performance boost brought by GPU-enabled implementations of graph em-
bedding algorithms allows for increasing size of graphs analyzed interactively
by two orders of magnitude. Optimized recursive Kleene all-pair shortest-paths al-
gorithm implemented in CUDA can be used to generate vertex B-matrices of 104 size
graphs in less than 3 seconds (Nvidia Tesla C2070). Graph Investigator application pro-
vides ready to use framework capable of performing graph clusterization and computation
of more than 100 graph descriptors.

1.3 Overview of the Dissertation
The outline of this dissertation is as follows. First, in section 1.4 we introduce notation and
recall definitions from graph theory that will be used further in this text. Excluding Introduction
section, the work is divided into two main parts: Background and Contribution. The former
part describes current state of the art in graph matching including description of sample graph
datasets that appear in contemporary science. The latter part presents new findings on graph
embedding, describes software built to perform experiments and addresses theses stated in
section 1.2.

The Background part starts with the chapter presenting approaches to graph analysis with
a focus on graph topological descriptors and graph matching algorithms. First, in Section 2.1
we review graph invariants and show how they can be grouped. The more detailed description,
including definitions of selected informative graph measures is provided in Appendix A. Next,
in Section 2.2 the graph comparison problem is covered. Section 2.2.1 explains types of graph
matching and provides general remarks on the topic. Then, in Section 2.2.2 we address exact
graph matching problem describing approaches to solving graph isomorphism. The formal
definition of graph descriptor is also introduced in this section. The review of currently used
graph matching algorithms including pairwise and embedding-based methods is presented in
Section 2.2.3. Next, in Chapter 3 the overview of graph data in various research fields is
provided. We address applications of structured datasets and describe problems they pose.
Particularly, we focus on real-world graphs used in experiments reported in Contribution part.
This includes graph representations from structural pattern recognition covered in Section
3.2.1, metabolic networks (Section 3.3) and vascular networks described in Section 3.4. The
brief review of networks derived from other disciplines is presented in Section 3.5.

In the Contribution part, we demonstrate results of our research on graph matching and
provide experimental proof of theses stated in Section 1.3. We also describe how the goals of
this dissertation were achieved. The contribution of this work is twofold. First, in Chapter 4
which is a theoretical part complemented by experiments, the novel method of graph embedding
based on distance k-graphs is presented. Second, Chapters 5 and 6 cover software contributions
describing Graph Investigator application and its enhancements made with the help of GPU
computing. Each chapter in the Contribution part ends with Discussion section. Finally,
Chapter 7 provides dissertation summary with conclusions drawn and some final remarks.

5



1.4 Notation and definitions

1.4 Notation and definitions
To commence we recall some basic notions from graph theory that will be used further in this
text. In this work we consider undirected, unweighted simple graphs primarily, however the
ideas for development of presented concepts towards weighted and directed graphs will be also
addressed. First, we present definitions of undirected and directed graphs.

Definition 1.4.1 An undirected graph G is defined as an ordered pair G = (V (G), E(G)),
where V (G) is a set of vertices and E(G) is a set of edges. An edge euv = {u, v} ∈ E(G) is an
unordered pair of vertices. Two vertices u and v are adjacent (u ∼ v) if they are joined by an
edge.

Definition 1.4.2 A directed graph G (digraph) is defined as an ordered pair G = (V (G), E(G)),
where V (G) is a set of vertices and E(G) is a set of edges. An edge euv = (u, v) ∈ E(G) is an
ordered pair of vertices.

Definition 1.4.3 A walk of length k from vertex u to vertex v is a sequence of k edges con-
necting u and v. For the closed walk the starting and ending vertex is the same.

Definition 1.4.4 An elementary path is a walk without repeating vertices.

Definition 1.4.5 The distance between vertex u and v, denoted by dG(u, v), is a length of the
shortest path between u and v. If a path between u and v does not exist then dG(u, v) =∞.

Definition 1.4.6 The diameter of a graph G is a maximal distance between its vertices
diam(G) = maxu,v∈V (G) dG(u, v).

Definition 1.4.7 The set of vertices adjacent to vertex v, denoted by Nv, is called its neigh-
borhood. The degree kv of vertex v is a number of edges which join v with its neighbors.

Definition 1.4.8 Graph G is connected if a path exists between each pair of vertices.

The graph isomorphism is defined as mapping preserving the graph structure represented by
its edges. It constitutes an equivalence relation on graphs which partitions the set of all graphs
into equivalence classes.

Definition 1.4.9 Let G = (V (G), E(G)) and H = (V (H), E(H)) be the graphs without multi-
ple edges. A graph isomorphism between G and H is a bijective mapping: α : V (G) −→ V (H)
such that

(u, v) ∈ E(G)⇐⇒ (α(u), α(v)) ∈ E(H).

The symbol G ' H denotes isomorphic graphs G and H.

Corollary 1.4.10 If α is graph isomorphism then α−1 is also isomorphism.
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1.4 Notation and definitions

Adjacency matrix

Adjacency matrix is a well-known graph representation. Along with adjacency list, it is com-
monly used in implementations of classic graph-theoretical algorithms as breadth-first traversal,
depth-first traversal, minimum spanning tree and maximum flow.

Definition 1.4.11 Let G = (V (G), E(G)) be a graph. Adjacency matrix AG is a matrix for
which

AG(u, v) =
{ 1 if {u, v} ∈ E(G)

0 if {u, v} 6∈ E(G).

If a graph is undirected then associated adjacency matrix is symmetric. For graphs without
loops the diagonal entries are zeros. Adjacency matrix can also represent multigraphs if the
entry AG(u, v) contains the number of edges from u to v. As far as weighted graphs are
concerned, a positive element of AG can represent the edge with weight equal AG(u, v).

Theorem 1.4.12 Let G and H be directed graphs on the same vertex set whose adjacency ma-
trices are AG and AH respectively. Then they are isomorphic (G ' H) iff there is a permutation
matrix P such that P TAGP = AH .

Every row and column of permutation matrix contains precisely a single 1 with zeros eve-
rywhere else. There are n! permutation matrices of size n. Symmetric adjacency matrix (undi-
rected graphs) has several desirable properties. For instance it possesses real eigenvalues and
eigenvectors. In addition the set of eigenvectors forms orthonormal basis. The permutation
matrix P is nonsingular and orthogonal. The transformation P TAXP = AY is an example of
matrix similarity transformation.

Powers of adjacency matrix are related to graph walks [78] (see Theorem 1.4.13). The
number of walks of given length from one vertex to another can be computed by matrix mul-
tiplication.

Theorem 1.4.13 Let AG be the adjacency matrix of graph G. Then (AkG)(u, v) is the number
of walks of length k starting at vertex u and ending at vertex v.

Proof (by induction)
For k = 1 AG(u, v) is a number of edges outcoming from u and incoming to v, i.e., number of
walks of length 1 starting at u and ending at v. Assume the statement is true for k = m.
Adding m+ 1 gives

Am+1
G (u, v) = (AmGAG)(u, v) =

∑
r

AmG (u, r)AG(r, v)

AmG (u, r)AG(r, v) 6= 0 if and only if AmG (u, r) 6= 0 and AG(r, v) 6= 0. On the basis of assumption
AmG (u, r) is the number of walks of length m from u to r. Additionally, AG(r, v) 6= 0 if and only
if there exists the edge {r, v}. The non-zero value of AG(r, v) lengthens the walk of length m
by 1 yielding the number of walks from u to v through r. Summing walks of length m+ 1 from
u to v through all r’s, we get the total number of walks of length m+ 1.

2
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1.4 Notation and definitions

Incidence matrix

Here we present the graph representation, which is a rectangular matrix [78].

Definition 1.4.14 Incidence matrix MG of a graph G is the {0,±1}-matrix with rows and
columns indexed by the vertices and edges of G, respectively, such that

MG(u, e) =


1 if e is edge outcoming from vertex u;
−1 if e is edge incoming to vertex u;

0 otherwise.

Laplace matrices

Study of graph Laplace matrices is the main concern of spectral graph theory [78,142]. Essen-
tially, they are defined for undirected graphs, however, using incidence matrices it is possible
introduce Laplacians for directed graphs as well.

Definition 1.4.15 Let ki be a degree of the i-th vertex of undirected graph G = (V (G), E(G)).
Combinatorial Laplace matrix LG is a matrix for which

LG(u, v) =


ku if u = v;
−1 if (u, v) ∈ E(G) (u is adjacent to v);

0 otherwise.

The combinatorial Laplacian is related to adjacency matrix. If DG denotes diagonal matrix
of vertex degrees then LG = DG−AG. The Laplacian is also associated with incidence matrix.
The relation between incidence matrix MG and LG is LG = MGM

T
G . In fact, this equality can

be regarded as more general (i.e. including directed graphs) definition of Laplacian [78]. The
combinatorial Laplace matrix has several useful algebraic properties, for instance
• symmetry,

• singularity,
One can observe that the sum of all Laplacian rows gives zero vector. Therefore every
row (column) can be expressed as linear combination of remaining rows (columns), so the
Laplacian is not a full rank matrix.

• weak diagonal dominance (|LG(i, i)| ≥
n∑
j=1
j 6=i

|LG(i, j)|),

• being positive semidefinite (non-negative eigenvalues, ∀x ∈ Rn×1 : xTLGx ≥ 0).

Definition 1.4.16 Let ki be a degree of the i-th vertex of undirected graph G =
(V (G), E(G)). With the assumption that graph G does not possess isolated vertices
(ku 6= 0 ∧ kv 6= 0), normalized Laplace matrix LG is a matrix for which

LG(u, v) =


1 if u = v;
−1√
kukv

if (u, v) ∈ E(G) (u is adjacent to v);

0 otherwise.

8



1.4 Notation and definitions

The relation between normalized Laplacian [142], combinatorial Laplacian and adjacency
matrix is as follows

LG = D
−1/2
G LGD

−1/2
G = D

−1/2
G (DG − AG)D−1/2

G = I −D−1/2
G AGD

−1/2
G ,

where DG is a diagonal matrix of vertex degrees, AG - adjacency matrix, LG - combinato-
rial Laplacian. Once again we can define normalized Laplacian as LG =MGMT

G, where
MG is normalized incidence matrix with entries scaled appropriately to vertex degrees,
i.e., each entry (u, e) is multiplied by 1√

ku
.

Normalized Laplacian LG inherits the great part of properties of combinatorial Laplacian
LG. Additionally owing to normalization, all its eigenvalues are between 0 and 2 inclusive.
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Chapter 2

Graph analysis

Research questions regarding graphs gave rise to analytic methods that can be grouped into
several categories. A brief description of core problems is presented below.

2.1 Graph structural properties
The key question how to capture quantitatively relevant structural properties of graphs pro-
voked development of various graph measures. Throughout this work we call them graph
descriptors although different nomenclature (graph invariants, graph features, graph metrics
or topological measures) also exist in literature. We understand graph descriptor as scalar or
vector attached to the graph as a whole or to basic graph elements, i.e., vertices or edges. The
generation of graph descriptor associated with a graph is called graph embedding. The formal
definition of graph descriptors in provided in Section 2.2.2. Diverse origins of graph descriptors
contribute to their large quantity and several ways of grouping. See Appendix A for definitions
of descriptors mentioned below as examples.

2.1.1 Descriptor target
The first distinction of graph descriptors is derived from the graph primitive they describe.

Graph descriptors describe graph as a whole. Typically they reflect a single topological
property and cannot be used to reconstruct graph univocally. Examples are as follows:
density, diameter , radius, average path length, efficiency, average degree, graph clustering
coefficient, Laplacian matrix spectrum, Estrada Index , fractal dimension [25, 50,63,141].

Vertex descriptors are used to indicate vertex importance called centrality or assess other
vertex-related topological feature. Frequently, they are computed by applying an iterative
procedure on graph resulting in steady state and scalars assigned to its vertices. Random
walks on graphs are a typical example of such an iterative procedure. The representatives
of this class of descriptors are degree, clustering coefficient, betweenness centrality, random
walks betweenness centrality, Page Rank, communicability betweenness [66, 117,120].

Edge descriptors reflect importance of an edge in a certain dynamical processes on a graph
or are values of two argument function on edge ends vertex descriptors. Examples include
edge connectivity, range of edge, edge betweenness [72].

11



2.1 Graph structural properties

Pair descriptors are assigned to a pair of graph vertices or edges. The typical examples here
include vertex-vertex similarity or dissimilarity measures such as shortest-path length,
longest-path length, f-communicability or commute time [65, 123].

Last three types of descriptors can be treated in common as element descriptors. Given single
graph, the distribution of selected element descriptor may be used to compute permutation
invariant graph descriptor (see Section 2.1.5).

2.1.2 Domain descriptors
Graph descriptors have been commonly developed in the context of their application in a specific
domain. The main sources of graph topological measures are listed below. The classification is
imprecise as some descriptors may have been introduced in one domain and then adopted in a
different one.

Classical graph theory
Some graph descriptors as degree, path length or diameter are considered as basic notions
of classical graph theory. Their definitions were formulated in the early stages of this
research field. A profound study of such descriptors produced abundant insights that
have prominent applications. For instance, the distributions of vertex degrees and path
lengths play significant role in theory of complex networks, having an impact on dynamical
phenomena on networks. The notion of degree appears also in Euler’s work on Seven
Bridges of Königsberg in which Euler proved that a necessary condition for the existence
of Eulerian cycles is that all vertices in a graph have an even degree.

Theory of complex networks
This interdisciplinary research area generated a vast amount of graph topological measures
that play crucial role in exploring the effect of structure on dynamics and investigating
connections between structure and functions of a network. The great part of systems de-
scribed as a complex network revealed common structural and dynamical properties such
as scale-freeness, small worldliness, modularity, assortativity or disassortativity. These
properties are captured using graph descriptors like clustering coefficient, average path
length, average nearest neighbors degree, efficiency, transitivity, motif Z-score [30].

Sociology
Graphs are used in sociology to encode relations between members of a population. The
vertex of social network usually models an individual (or a group of individuals) and the
basic concern of network analysis is to evaluate the relative importance of a vertex within
the network. This has lead to the development of several vertex descriptors called cen-
trality measures: betweenness centrality [71], random walks betweenness centrality [117],
closeness [157] or eigenvector centrality [118].

Chemistry
A number of graph descriptors were derived from the topological studies of molecules. The
examples are Wiener index [163], normalized Wiener index, Platt index [121], Gordon-
Scantleburry Index [79]. Generally, they reflect branching of the molecue and are corre-
lated with its Van der Waals surface.
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2.1 Graph structural properties

Structural pattern recognition
Representing patterns as graphs (see Section 3.2) posed a new problem of measuring
similarity between objects non-vectorial in nature. This gave rise to the development of
new graph matching algorithms, including ones based on graph to feature vector trans-
formation. Such transformation can be performed with the use of graph descriptors of
any type, however, algebraic graph descriptors proved their superior robustness in many
cases [164,166].

2.1.3 Spectral descriptors
Graphs can be represented using matrices of several types (see Section 1.4). The group of well
known graph matrices contains adjacency matrix , incidence matrix , Laplace matrix , normalized
Laplace matrix [44, 78] and heat kernel [165, 166]. The study of graph matrices originating in
algebraic graph theory has lead to valuable findings about connections between algebraic and
structural properties of matrices and corresponding graphs. Particularly, the analysis of spectral
decomposition of Laplace matrices LG and LG brought interesting results. We present a part
of them in Table 2.1. The set of eigenvalues and eigenvectors contain full information about
graph structure and can be used to embed graph [107,164,166].

This type of graph feature generation is slightly different from gathering well-known scalar
descriptors, as we have plenty of available numbers (e.g. eigenvalues) but only a small part of
them has established connection with a graph structure. The descriptors created using such
blind procedure exhibit their advantage in the field of structural pattern recognition.

Theorem Matrix Structural property Expression Remarks

Matrix Tree
Theorem

Combinatorial
Laplacian LG

Number of span-
ning trees nst

nst = λ1λ2 . . . λn

n
n - graph size

Combinatorial
Laplacian LG

and normalized
Laplacian LG

Number of con-
nected components
ncc

ncc = number of
nonzero eigenvalues
of LG (LG)

Normalized
Laplacian LG

Possessing bipartite
component

if and only if σn = 2 generally σi ≤ 2

Combinatorial
Laplacian LG

Degree d of any ver-
tex of G

d+ 1 ≤ λmax = λn

Cheeger’s in-
equality

Combinatorial
Laplacian LG

Isoperimetric num-
ber (Cheeger con-
stant) φ

φG ≥ λ2 ≥
φ2

G

2d (see A.14), d is up-
per bound of any ver-
tex valence

Table 2.1: Theorems joining spectrum of Laplacian with graph structure

2.1.4 Local and global descriptors
This distinction is directly linked with element descriptors. Local descriptors are computed
on the basis of elements close to a given element (k-level neighbors). The global ones quantify
property of a selected element from the whole graph perspective. The examples from each
family are presented below.

Local descriptors : degree, vertex clustering coefficient, local efficiency
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2.2 Graph matching

Global descriptors : Page Rank, betweenness centrality, vertex eccentricity

2.1.5 Statistical descriptors
The distributions of element descriptor values bring significant portion of information about
graph structure. For that reason statistical moments or Shannon entropy can be used to
generate valuable graph descriptors. The examples of statistical descriptors are graph clustering
coefficient, characteristic path length or average degree. Statistical descriptors are useful for
comparison of different size graphs.

2.2 Graph matching
Capturing structural similarity between graphs is a task which can be approached in several
ways. Before reviewing the methods of graph matching we address general issues connected
with this problem.

2.2.1 General remarks
Graph is a combinational, orderless object, most frequently possessing non-trivial structure.
Therefore, when considering graph matching1, we should firstly pinpoint what we are actually
going to examine. Do we focus on a single structural feature or do we plan to perform a general
comparison? Each type of matching may bring specific pitfalls. Choosing single criterion can
result in judgments which are far from expectations. The example of such a problem is presented
in Figure 2.1. Three graphs with n = 7 vertices and m = 6 edges share the same average
vertex degree. While star graph b is indeed similar to star-like graph c, the same similarity
rank is obtained for path graph a, which is structurally different. Therefore, to derive valuable
conclusions about affinity of two graphs one has to select the right set of comparison criteria, i.e.,
relevant graph descriptors. In this work we address the issue what relevance of graph features
means. By selecting more graph features, we gain more general comparison but the question
is where to stop and whether we need such a deep analysis. Correlations between topological
descriptors make a part of them redundant, therefore to reduce computational complexity, the
proper feature selection should be performed. Too general type of graph comparison is not
always adequate, as in some cases we are interested in a small set of structural characteristics
and exact graph matching is not needed. A typical example is confronting simulation results
with real world-data, where a small set of comparison criteria is usually predefined. Summing
up, graph comparison task requires balance of generality and specifity created in the context
of particular application.

Representing graphs being combinatorial objects using data structures that introduce or-
dering of vertices, e.g., matrices, vectors or lists poses a problem of structural equivalence of
graphs. Depending on selected vertices sequence, we can encode the same graph to different
representations. Determining if two graphs are actually the same and finding mapping between

1As noticed in PhD thesis of K.M. Borgwardt [33] a subtle semantic difference exisits between notions graph
matching and graph comparison. The graph comparison gives a result in the form of similarity or dissimilarity
measure while graph matching focuses on finding correspondences between graph elements. Normally graph
matching can be used to generate similarity/dissimilarity measures while graph comparison cannot be employed
for graph matching. Nevertheless, in this work we will use these notions interchangeably, as most frequently in
literature.
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2.2 Graph matching

a b c

Figure 2.1: Three graphs with n = 7 vertices and m = 6 edges. The average vertex degree
k = 2m

n
= 12

7 ≈ 1.71. Taking into account single comparison criteria k we find graphs a and b
similar despite their significant structural diversity. Graph c, which is structurally closer to a
receives the same similarity rank.

their vertices, i.e., isomorphism is called exact graph matching. Graph isomorphism is a crucial
topic in the graph matching research field (see Section 2.2.2), however exact graph matching
itself has limited applications. On the other hand, the related problem of subgraph isomorphism
is not only academic but also practical.

A wide range of applications is available for inexact graph matching algorithms frequently
referred as error tolerant graph matching [46]. The output of this class of methods allows for
definition of graph similarity or dissimilarity measures. Let us consider some issues eccountered
while performing inexact matching of two graphs: G1(n1,m1) and G2(n2,m2). In essence,
approximate graph matching can be implemented in three ways.

Common subgraph
Given G1 and G2 we look for their maximum common subgraph and its size is returned
as an output. This approach is intuitive but real-world graph patterns often suffer from
structural perturbations caused by noisy data, therefore even for structurally similar
patterns the size of maximum common subgraph can be surprisingly small.

Graph edit distance
Basic graph edit operations are defined: vertex addition/deletion, edge addition/deletion
and the cost of each one of them is established. The algorithm determines the lowest cost
sequence of operations that transform G1 toG2. This way of comparison is less sensitive to
noise than the previous one but requires setting up of proper cost function. Moreover, as
shown in Figure 2.2, graph edit distance may not take into account important structural
differences.

Graph embedding
The relevant topological descriptors of both graphs are extracted. Feature vector can
be used to construct similarity or dissimilarity measures. Let us take into consideration
graphs depicted in Figure 2.2 and feature vector built of two graph descriptors efficiency
and normalized Wiener index (see Appendix A). The pattern vectors for a, b and c are
respectively [0.267, 0.582], [0.226, 0.855] and [0.252, 0.580]. In this case the structural
difference between a and b was captured correctly.
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2.2 Graph matching

a b c

Figure 2.2: Edit operations on graphs and their cost: a. core graph, diameter: 4, b. deletion of
single edge (1, 2), diameter: 8, c. addition of one vertex and one edge (3, 11), diameter: 5. Let
us define cost of edge addition/deletion and cost of vertex deletion/addition as 1. The graph
edit distance between a and b is 1, whereas distance between a and c equals 2, despite the fact
that a is structurally closer to c.

Additionally, the relations between number of vertices and number of edges in G1 and G2
should be taken into account with caution. Especially the case of n1 6= n2 or m1 6= m2, i.e.,
comparing objects of different dimensionality is worth deeper consideration. The first question
is to what extent the number of vertices and the number of edges should be discrimination
factors. An extensive part of graph descriptors explicitly or implicitly depend on graph size
and density, and this relation is often non-linear (see Figure 2.3). Therefore by selecting such
set of features, one implicitly involves graph-size criteria that in some cases are of third-rate
importance or even irrelevant. What follows, to perform purely structural comparison, one
should select graph descriptors that do not depend on a graph size or to reduce the influence
of dimensionality by performing normalization. If n1 � n2 or m1 � m2, graph matching is
pointless, as objects are a priori so different that it is impossible to capture any similarities.
The case of n1 ≈ n2 and m1 ≈ m2 or n1 = n2 and m1 = m2 allows for meaningful comparison.

The example of problems encountered when dealing with graphs of different density and
descriptors dependent on graph size, is presented in Figure 2.3. To start with, we recall two
graph descriptors efficiency and Wiener index . For the definition see Appendix A.1 and A.2.
The efficiency is the normalized harmonic mean of graph shortest paths, while Wiener index
is the sum of all-pair shortest-paths lengths. Let us consider four types of graphs: 3D mesh
(see Figure 2.4a), balanced 3-tree (Figure 2.4b), 2D mesh (Figure 2.4c) and balanced binary
tree. For each family, a set of graphs with increasing size is generated (3D meshes are available
with i3, i ∈ N vertices, 2D meshes - with i2 vertices). In Figure 2.3 the values of efficiency
and normalized Wiener index versus graph size (logarithmic axis) for four types of graphs are
depicted. From these charts the following observations can be drawn.

1. The values of descriptors decay non-linearly with graph size. In fact, they tend to 0
as number of vertices grow, because of normalization factors (see the denominators in
Equations A.1 and A.3) that grow faster than numerators. Therefore, both descriptors
become less sensitive with increasing graph size and as a result are useless for large graphs
of this type.

2. The lines on both charts intersect, hence the conclusion about similarity of graphs is
different for different graphs sizes. Let us consider the values of descriptors for graph sizes
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Figure 2.3: The values of efficiency and normalized Wiener index versus graphs size for graphs:
3d - 3D mesh, bt3 - balanced 3-tree, bt2 - balanced binary tree, 2d - 2D mesh. Vertical line
labeled 64 was drawn to indicate graphs with 64 vertices, which are analyzed in the text.

64 and ≈1000 (see Table 2.2). The structural diversity of presented graphs is significant
(compare for instance number of edges), nevertheless using two computed descriptors one
cannot get coherent findings. For graph size 64, using efficiency we can conclude that bt3
is closer to 2D mesh than to 3D mesh but for graph size ≈1000 the conclusion is contrary.
Furthermore, from normalized Wiener index values we derive that for graph size 64 bt3
is nearly same as 2D mesh while for number of vertices approximate to 1000 bt3 is very
close to 3D mesh.

The inconsistent results obtained for given descriptors reveal that proper selection of topological
measures is essential for graph matching.

The methods for approximate graph matching can be also divided into pairwise methods
and ones using precomputed vectorial representation (see Figure 2.7). The former approach
requires two objects to perform comparison and therefore is less convenient than the latter
one. Feature vectors can be used as metric-space graph representatives that enable application
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2.2 Graph matching

a b c

Figure 2.4: Three graphs with 64 vertices: a. 3D mesh, 144 edges, b. balanced 3-tree, 63 edges,
c. 2D mesh, 112 edges.

Vertices Efficiency Normalized Wiener index Edges
3d 64 0.1687 0.1758 144
2d 64 0.1336 0.2462 112
bt3 64 0.1153 0.2478 63
3d 1000 0.0649 0.0297 2700
2d 1024 0.0360 0.0624 1984
bt3 1010 0.0547 0.0295 1009

Table 2.2: The values of efficiency and normalized Wiener index for graphs: 3d - 3D mesh,
bt3 - balanced 3-tree, 2d - 2D mesh.

of statistical pattern recognition and data mining algorithms. Besides, the graph matching
algorithms can be parametrized or not, what considerably influences their applicability. A
more detailed description of these types of graph matching algorithms is provided in Section
2.2.3.

2.2.2 Isomorphism and graph canonization problem
Following definition 1.4.9 from Section 1.4 and general remarks from Section 2.2.1 we provide
extended description of problems related to exact graph matching. We start with several
definitions.

Definition 2.2.1 Let G = (V (G), E(G)) be the graph without multiple edges. An automor-
phism of graph G is an isomorphism between two copies of G, i.e., it is a mapping β between
pairs of vertices such that (u, v) ∈ E(G)⇔ (β(u), β(v)) ∈ E(G). A trivial authomorphism of a
graph G is an authomorphism where β(v) = v for all v ∈ V (E).

Definition 2.2.2 Let G = (V (G), E(G)) be the graph without multiple edges. An automor-
phism partition of graph G is a sequence of disjoint subsets V1, . . . , Vk such that for all pairs
of vertices u,v there exist an automorphism β where β(u) = v. The automorphism partition
divides V into sets consisting of vertices that can be mapped onto one another.

As far as the complexity class of graph isomorphism problem is concerned, it is not rec-
ognized to be in P or NP-com [69]. This result is particularly interesting, because efficient
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2.2 Graph matching

implementations are known for many wide graph classes such as planar graphs, bounded degree
graphs, circular arc graphs and in case of random graphs the problem appears to be almost
always easy. However, despite of large effort put into finding polynomial general solutions of
graph isomorphism, it still remains an open problem. In order to overcome this barrier and
provoke different-perspective research, the new complexity class GI-com (graph isomorphism
complete) was defined [102]. The problems such as counting number of isomorphisms between
two graphs, counting the number of non-trivial automorphisms of a graph (see Definition 2.2.1)
and determining the automorphism partition of a graph (see Definition 2.2.2) fall within this
class.

The invariance under isomorphism and graph canonization are crucial notions that appear
when considering exact matching algorithms.

Definition 2.2.3 Let f be a function defined on graphs and let G = (V (G), E(G)) and H =
(V (H), E(H)) be the graphs. f is called graph invariant iff G ' H ⇒ f(G) = f(H).

Definition 2.2.4 Let f be a function defined on graph vertex set and let G = (V (G), E(G))
and H = (V (H), E(H)) be graphs so that G α' H. f is called vertex invariant iff α(u) = v ⇒
f(u) = f(v).

Definition 2.2.5 Let G = (V (G), E(G)) and H = (V (H), E(H)) be the graphs. The graph
invariant f is complete iff f(G) = f(H) ⇒ G ' H. Complete graph invariant is an injective
mapping.

Definition 2.2.6 Let G = (V (G), E(G)) and H = (V (H), E(H)) be the graphs. The vertex
invariant f is complete iff f(u) = f(v)⇒ G

α' H ∧ α(u) = v where u ∈ V (G), v ∈ V (H).

Computing any complete graph invariant is equivalent to determining graph isomorphism.
The graph invariant can have diverse form: set, multiset, matrix, vector, scalar, polynomial
or string. The complete graph invariant represented by a string is usually called canonical
label [19]. Graph canonization is a problem of particular interest of organic chemistry as it
can provide unique names for complex molecules [47]. For the needs of this work we restrict
the value set of a graph invariant and introduce the definitions of graph descriptor and vertex
descriptor .

Definition 2.2.7 Let f be a graph invariant such that f : G → Rn, where n ≥ 1 and G is
a set of all graphs. The f is called n-element graph descriptor or alternatively explicit graph
embedding.

Definition 2.2.8 Let f be a vertex invariant of graph G = (V (G), E(G)) such that f : V (G)→
Rn, where n ≥ 1. The f is called n-element vertex descriptor.

As graph isomorphism is one-to-one vertex mapping, vertex descriptors are practical tool for
solving this problem. The complete vertex descriptor allows for direct construction of isomor-
phism by linking vertices with the same value of descriptor and therefore its computation is
equivalent to solving graph isomorphism problem. Not-complete vertex descriptor can be also
useful in determining graph isomorphism. In fact even simple vertex descriptors such as vertex
degree are practical for wide range of graphs.
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2.2 Graph matching

Graph spectrum and isomorphism

In this section we take into account the correspondence between graph spectrum and graph
isomorphism.

Lemma 2.2.9 Let ∆A(G) and ∆A(H) denote the set of eigenvalues (with their multiplicities)
of adjacency matrix of graph G and H, respectively. If graphs G and H are isomorphic, then
∆A(G) = ∆A(H). The analogous theorem holds for eigenvalues of Laplace matrices.

Therefore given two distinct sets of graph spectra, we can easily conclude that associated
graphs are not isomorphic. Unfortunately, the inverse reasoning is not always true, i.e., there
exist non-isomorphic graphs with the same spectra. Graph spectrum is not a complete graph
invariant. Graphs with the same spectrum are called cospectral or isospectral. The examples
of cospectral (regarding adjacency matrix), non-isomorphic graphs are depicted in Figure 2.5
(graphs G1, G2) and in Figure 2.6 (graphs H1, H2).

G1 G2

Figure 2.5: The example of two non-isomorphic cospectral graphs: G1 and G2.

For graphs G1 and G2 from Figure 2.6: ∆A(G1) = ∆A(G2) = {2, 0(3),−2} but, interestingly as
far as the spectrum of Laplacian is considered ∆L(G1) = {4, 2(2), 0(2)} 6= ∆L(G2) = {5, 1(3), 0}.
Therefore the cospectrality with regard to one matrix does not imply the general cospectrality.

H1 H2

Figure 2.6: The example of two non-isomorphic cospectral graphs: H1 and H2.

20



2.2 Graph matching

For graphs H1, H2 from Figure 2.6: ∆A(H1) = ∆A(H2) = {3.646, 1(2),−1(2),−1.646,−2} and
∆L(H1) = {4 +

√
3, 5(2), 3 +

√
2, 4−

√
3, 3−

√
2, 0} 6= ∆L(H2) = {7, 5, 4(2), 2(2), 0}.

If one of isospectral graphs possesses a property the second does not, then it cannot be
determined by the spectrum of given matrix. For instance, H2 is planar, whereas H1 is not,
hence planarity is not spectrally-determined. Similarly G2 is connected while G1 is not.

Lemma 2.2.10 Let λ1 ≤ . . . ≤ λn be the eigenvalues of adjacency matrix AG of graph G.
Assume that λi is isolated, that is λi−1 < λi < λi+1 and let vi be the corresponding eigenvector.
Let H be a graph isomorphic to G, and let wi be the i-th eigenvector of H. Then, there exists
a permutation π such that vi(j) = wi(π(j)).

The eigenvectors of adjacency matrix associated to isolated eigenvalues (multiplicity 1) can
be used to create vertex descriptors and then to construct isomorphism, however the success
of this procedure is not guaranteed. Especially in case of strongly-regular graphs1, the lack of
isolated eigenvalues makes this approach not appropriate.

Graph isomorphism algorithms

Solution of a graph isomorphism can be expressed in two ways either as a permutation matrix or
by canonical label. The first approach is pairwise while the second one resembles construction
of complete graph invariant. The label of a graph can be constructed by packing columns (or
rows) of adjacency matrix into one vector. After determining all automorphisms of the graph
(reflected by different adjacency matrices), the vectors can be put in lexicographic order. The
smallest binary vector can serve as canonical label of the graph, however finding all non-trivial
automorphisms is as difficult as determining isomorphism.

Graph and vertex invariants are practical for finding structural correspondences, therefore
they are common heuristic used in graph isomorphism algorithms to prune search space by
rejecting pairs of graphs possessing different invariant sets or pairs of vertices whose invariants
do not match [54]. The pseudo-code of the algorithm taking advantage of vertex descriptors
heuristics is depicted below (Algorithm 1 and Algorithm 2). The backtracking procedure is
present in commonly used algorithm for graph and subgraph isomorphism proposed by Ull-
mann [152]. More recently, Cordella et al. introduced space-efficient, recursive VF2 algorithm
capable of dealing with large graphs [49]. In this algorithm, finding vertex mapping function is
described by means of State Space Representation. On the basis of partial mapping solution
si, the possible pairs of new, si-derived vertex mappings are generated and evaluated using
five predefined feasibility rules [49]. Those rules take into account both structural and sematic
information (attributes). If the feasibility function returns true, the new state si+1 is generated,
followed by recursive function call. This yields depth-first state space search with pruning pro-
vided by feasibility rules. Permutation matrix reconstruction based on Page Rank [120] vertex
descriptors was presented in [80]. This polynomial algorithm allows for finding isomorphism
for a class of Markovian spectrally distinguishable graphs and was shown to be more efficient
than VF algorithm. In one of our works [55] we combined Page Rank vertex descriptors with
spectral descriptors (see Section 2.2.2) derived from two variants of adjacency matrix. This
allowed us to improve isomorphism search accuracy for difficult classes of sparse graphs. In
the next work [54], we investigated how graph dynamical system can be used for generation of

1GraphG is strongly-regular if there exist three positive integers a, b, c, such that every vertex has a neighbors,
every adjacent pair of vertices has b common neighbors, and every nonadjacent pair has c common neighbors.
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vertex descriptors practical in determining graph isomorphism. Several cellular-automata-like
rules are employed to update state of a given vertex on the basis of states of its neighbors.
With k subsequent updates we obtain more correlated vertex states which, depending on the
selected rule, may converge to the steady state. Intermediate states can be used to support
isomorphism search. The algorithm perfoms well on benchmark dataset at the same time being
less computationally expensive than O(n3) algorithms such as Page Rank [54].

The Nauty program by Brendan McKay [1] forms a robust framework for graph canonical
labelling and computing automorphism groups of graphs [113]. Vertex invariants, specified by
a user can be employed to reduce size of search tree, nevertheless the selection of proper set of
invariants is not straightforward as their usability varies with the type of graph.

Algorithm 1
Input: graphs G1 = (V1, E1) and G2 = (V2, E2), n - number of vertices
Output: P permutation matrix or NONE if G1 6' G2
1: for i = 0 to n− 1 do
2: invariant1(i) =vertex invariant of i-th vertex of G1
3: invariant2(i) =vertex invariant of i-th vertex of G2
4: end for
5: if sort(invariant1)6=sort(invariant2) then
6: return NONE
7: end if
8: reorder vertices of G1 and invariant1
9: S = {}

10: if isomorph(S,1,P ) then
11: return P
12: else
13: return NONE
14: end if

Algorithm 2 isomorph
Input: set S, integer k, permutation matrix P
Output: true if isomorphism can be constructed for entire input graphs
1: if k = n+ 1 then
2: return true
3: end if
4: for all j ∈ V2\S do
5: if (invariant1(k) 6= invariant2(j)) ∨ ¬can_match(k,j,P ) then
6: continue
7: end if
8: P (k, j) := 1
9: if isomorph(k + 1,S ∪ {j}) then

10: return true
11: end if
12: end for
13: return false
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2.2 Graph matching

2.2.3 Overview of graph comparison algorithms

Figure 2.7: Types of inexact graph matching algorithms

Inexact graph matching can be approached in various ways. Schematic view of the most
frequently used techniques is depicted in Figure 2.7. Owing to their flexibility, the algorithms
based on the notion of graph edit distance play prominent role among classical pairwise me-
thods. Unfortunately, their exponential computational cost is prohibitively high for medium-
size and large graphs [138]. Conveniently, sub-optimal algorithm based on bipartite graph
matching, running with time complexity O(n3) was presented in [133]. Graph edit distance
is related to the size of maximum common subgraph via specific cost function [39] and this
association can be employed to construct robust graph metric [40].

The group of graph comparison methods that have recently gained considerable attention
rely on explicit or implicit embedding of graphs into metric space. The former approach assigns
feature vector to a graph yielding linear space with Euclidean distance. The latter one builds
graph kernel that defines metric in high-dimensional feature space based on graph primitives
such as walks, paths, cycles or subtrees [73]. The focus of this work is explicit graph embedding
therefore in the next paragraph an overview of related literature is presented.

Vectors representing graphs should be invariant under graph isomorphism. This crucial
prerequisite allows for moving from orderless graph space to ordered algebraic domain. Typical
graph representations such as adjacency matrix, Laplace matrix or neighborhood list depend
on vertex ordering, therefore they are not identical for the same graphs with permuted labels.
Several methods have been used to provide invariance of graph embeddings under isomor-
phism. In the most straightforward approach, fixed-order enumeration of scalar descriptors
such as efficiency, diameter or clustering coefficient [50], forms a vector representation [52].
Simple collecting of graph characteristics including degree distribution measures or node cen-
trality correlations is present in biological networks comparison, where topological measures are
computed to understand functions of structural elements [63, 169]. When unique vertex labels
are known a priori the construction of vector representation is easier as permutation invariant
functions are no longer necessary. In this case graph feature vector can be obtained from se-
quence of vertex or edge descriptors. This is particularly useful for comparison of metabolic
networks whose nodes represent chemical compounds. For instance, construction of phyloge-
netic tree based on network embeddings was presented in [17,18]. A more general approach for
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2.2 Graph matching

extracting graph characteristics uses permutation invariant functions, e.g. symmetrical poly-
nomials [164]. Also aggregated statistics of graph-element descriptors such as mean values and
standard deviations of vertex degrees, edge betweenness centralities, shortest paths lengths or
commute time metrics [123], are employed to generate meaningful graph features [53,56]. The
information about frequencies of element features can be directly included into graph pattern
vector by aggregating histogram bins. Such an approach is presented in [32], where different
binnings are tested and histograms are additionally normalized by the graph volume to get rep-
resentation independent of graph size. In the next method, the features are extracted on the
basis of distances to prototype graphs giving dissimilarity graph representation [134]. Selection
of right distance measure and good prototypes is a main issue that should be addressed here.

Capturing relevant and discriminative structural properties of graphs that in addition would
be robust to structural noise is a challenging task. The scalar descriptors or simple statistics
are most frequently not strong enough to analyze more difficult datasets, like for instance IAM
benchmark database [132]. Elegant methods of graph features generation use invariants com-
puted on the basis of spectral decomposition of graph matrices. Eigenvectors and eigenvalues of
Laplace matrix, forming truncated modal matrix, were used in [107] to extract per-eigenmode
characteristics like eigenmode volume or eigenmode perimeter. High-dimensional pattern vec-
tors, obtained from spectral matrix using symmetrical polynomials, which provide invariance
under graph isomorphism were introduced in [164]. These representations are rich enough to
distinguish Delaunay graphs representing rotating 3D objects. Heat kernel matrix, obtained
by exponentiating the Laplacian eigensystem encodes time-scaled information about diffusion
process on a graph, therefore it forms productive basis for graph embedding algorithms. For
instance, Xiao and Hancock construct robust graph characteristics by computing permutation
invariants on heat kernel trace [166]. The pattern vectors obtained in this way can be tuned
by time parameter, which allows for navigation between local and global features. A different
approach is presented by the same authors in [165], where vertices of a graph are embedded
into vector space using Young-Householder decomposition of heat kernel matrix. Next, Ma-
halonobis distance between obtained node positions serves as graph dissimilarity measure. In
the work by Jouilly and Tabbone [93], dissimilarity representation, computed on the basis of
vertex signatures, is transformed to a set of feature vectors with the use of constant shift embed-
ding technique. Such an approach allows for moving from pairwise similarities to vector space.
More recently, polynomial coefficients from Ihara zeta function were proposed as a source of
information about cycle structure of a graph [131]. They were used to build low-dimensional,
expressive feature vector outperforming older spectral descriptors in unweighted and weighted
graph recognition.

Graph kernels form general framework for similarity-based structured data analysis. Pro-
vided that graph kernel k is definite positive (d.p.), we obtain Hilbert space embedding with the
scalar product defined by k. With this approach linear classifiers in Hilbert space H become
non-linear in original pattern space. The most straighforward way to construct d.p. graph
kernels is by using graph descriptors and predefined Rn kernels such as linear, polynomial or
Gaussian kernel. The significiant part of graph kernels is based on R-Convolution approach,
in which two graphs are decomposed into substructures and similarity functions computed for
all pairs of these substructures are employed to obtain final graph kernel [153]. Counting num-
ber of matching walks in two labeled graphs with a help of product graphs allows for building
product graph kernel, which can be computed as a matrix exponential/power series with time
complexity O(n6) [73]. The related marginalized graph kernel takes into account all pairs of
labeled random walks from two graphs and computes expectation of nonnegative walk kernel
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defined using simple vertex and edge kernels [96]. These two types of random walk kernels have
several drawbacks including high computational complexity O(n6) and similarity score biased
by short walks and nodes/edges repeating in cycles. The other R-Convolution-type graph ker-
nels use bags of patterns such as subtrees, cycles, shortest-paths or limited depth-first search
paths [33]. In the diffusion kernels approach, graph edit distance or other similarity/dissimi-
larity measure is employed to construct similarity matrix which is then transformed into d.p.
form using appropriate decay factors and infinite matrix series such as exponential diffusion
kernel [116].
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Chapter 3

Graph data

In this chapter we present sample graph data from different research fields and explain practical
problems they pose. We provide more detailed description of those networks which will be used
in experiments described in the second part of this dissertation. Nevertheless, before coming
to overview of structured data applications in contemporary science we introduce short note
about types of graphs.

3.1 Types of graphs
Graph vs. network

In this work we assume that these two terms have the same meaning. However, the
notion network will be used when we aim to put emphasis on the fact that it refers to
some real-world data that evolve with time. We refer to object as graph whenever it is
treated more like mathematical concept or data structure.

Directed and undirected graphs
Undirected graphs model symmetric relations whereas digraphs asymmetric ones. The
sample of digraph is a gradient network in which each node has a potential and a directed
edge points towards neighbor with a smallest potential. Gradient networks are used to
study jamming mechanisms in transportation systems [149].

Weighted graphs
Weighted graphs allow for encoding heterogeneous relations. The edge weight can be
normalized, so that its value ranges from 0 to 1. Typical example of weighted network is
correlation graph such as brain functional organization network [144] or gene co-expression
network [168].

Labeled graphs
Vertex or edge labels provide additional semantic information which can be involved in
matching process. Presence of vertex labels facilitates finding vertex correspondences
and in case they are unique, determining graph isomorphism is a trivial task. Typical
example of labeled real-world graph is metabolic network with vertices denoting chemical
compounds (see Section 3.3.1).

Random graphs
We understand random graph with n vertices and m edges as a graph created by con-
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necting pairs of randomly selected nodes until actual number of edges reaches m. In
alternative definition the probability 0 < p < 1 of connecting each pair of vertices is used
as a model parameter. These types of graphs were extensively studied by Paul Erdős
using probabilistic methods and currently are one of the best explored classes of graphs.
For large values of n the degree distribution of random graph is Poisson with mean value
〈k〉

P (k) = exp(−〈k〉)〈k〉
k

k! . (3.1)

Let P (k′|k) be a probability that a vertex of degree k is connected to a vertex of degree
k′ and knn(k) is average degree of nearest neighbors of vertices with of degree k. Erdős
random graphs are uncorrelated, that is knn(k) an P (k′|k) do not depend on k [30]. The
clustering coefficient (see A.3) of this type of graphs tends to 0 with growing n and in
general random graphs are poorly clustered. The described models were expected to
reflect real-world structures, however soon it was found that networks constructed from
experimental data are most frequently different from random ones, possessing non-Poisson
degree distributions and correlated vertex degrees.

Scale-free networks
As it was demonstrated in recent decade, real-world networks commonly exhibit inhomo-
geneous structure reflected by power-law degree distributions [15,30].

P (k) = Ak−γ, (3.2)

where exponent (scaling parameter) γ is typically between 2 and 3, k is vertex degree
and A is a normalization constant. For power-law P (k) average values and standard
deviations are not a good representatives of underlying data. The network following
scale-free degree distribution has heterogenic topology with a few densely connected hub
nodes and many low-degree nodes. As a consequence such a network is resistant to random
attacks and vulnerable to targeted attacks, in which hubs are eliminated with a greatest
probability. In the model of evolving network, proposed as a generating mechanism for
scale-free networks, newly-created vertices connect to existing vertices with a probability
proportional to their degree. This is rule is known as preferential attachment.
As the scale-free structure of a network potentially reveals underlying dynamics, the
significant research efforts was put on finding power-laws in real-world data. Vast amount
of networks was claimed to be scale-free including cellular networks, WWW and social
networks. Nevertheless, as pointed out in the work by Clauset et al. [45], the right
detection of power-laws in empirical data is complicated by considerable fluctuations
appearing at the tail of distribution. Therefore, in order to get accurate results, the
authors recommend using more elaborate, maximal-likelihood-based framework instead of
simple least-squares log-log plot fitting. After statistically rigorous evaluation of datasets
previously classified as obeying power laws, we can find a part of them as not following
power-laws.

Small-world networks
The experiments on chains of correspondence conducted by Stanley Milgram initiated
long-standing debate about shortest path structure of social-networks and gave rise to
six degrees of separation idea [15]. Since then, many real-world networks was shown
to possess small-world property, that is small average shortest path (see A.5) scaling

27



3.2 Graphs representing patterns

logarithmically with a graph size. As many types of graphs share this property (including
random graphs), the more strict definition of small-world networks requires additionally
high clustering coefficients (see A.3). The small-world property influences dynamics on
a graph as it provides fast transport through short links, what is a crucial factor for such
processes on networks as rumor propagation or disease spread.

3.2 Graphs representing patterns
Graph-based representations and graph learning are the core of structural pattern recognition
field [46, 111]. In this section we review most common image to graph transformations and
explain why we can benefit from such preprocessing. Next, a short overview of graph data in
machine learning is presented.

3.2.1 Images, shapes and scene organization
Graphs allow for capturing structure of image or shape elements in a manner which is invariant
under rotation, scaling, translation and changes in viewpoint. Encoding relations between scene
primitives is particularly benefitial in content-based image retrieval and analysis. Therefore
graph-based representations are gaining considerable attention in computer vision and image
processing communities [2]. Transformation of pixel matrix into graph requires selection of
objects mapped to node primitives and binary relations between them to form edges. This can
be achieved in several ways.

1. Using skeleton junctions as vertices and paths between junctions as edges (binary image
representation [53])

2. Treating image segments as nodes and connecting neighboring segments [103] (regional
adjacency graphs)

3. Extracting corners from image, performing Voronoi tessellation and joining adjacent
Voronoi cells to obtain Delaunay graph representing image [107]

4. Using Gestalt relationships between lines extracted from an image. Graph vertices stand
for lines while measures of inter-line proximity, continuity and paralelism are employed to
obtain weight between two line sents. This yields weighted relational image representation
[34]

5. Representing 2D shapes as shock trees, which are constructed on the basis of the differ-
ential structure of the shape boundary [139]

6. Transformation of 3D shapes into graph treating critical points of differentiable function
defined on surface as vertices and edges reflecting connectivity of level sets (Reeb graphs
[29])

Graph representation abstracts image contents efficiently, however the number of vertices and
edges vary due to noise and segmentation errors. This is why error-tolerant, inexact graph
matching should be used here.
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Multiple graph representation based on skeletons

In this section we present the method for obtaining multiple-graph representation of an image
which was used by author in unsupervised graph learning experiments reported in work [53].
Our aim is to get skeletons on the basis of several binary counterparts of greyscale image and
then to convert these skeletons to graphs. The skeleton of the shape depicted on binary image
has a form of a graph drawn on paper. Such a graph is planar and not necessarily connected.
The endpoints and junctions on the skeleton can be treated as graph vertices while the curves
between such points as edges.

The structure of the skeleton stores an important part of information about original region
such as connectivity, extent or symmetry. Therefore, it seems that converting greyscale image to
its binary counterpart and skeletonization is a natural method of image to graph transformation.
Unfortunately, by thresholding we loose significant amount of information contained in greyscale
image. To minimize the loss we apply multiple thresholds and get multiple skeletons. The
thresholds are selected arbitrarily, e.g., by choosing several values from middle-intensity range
or computed via iterative method with various initial thresholds. The binary counterparts
of greyscale images representing the same object obtained by thresholding at given level are
similar provided that histograms of images are equalized to use full intensity range.

The next problem we face is that skeletonization is very sensitive to small changes in the
binary image, especially caused by noise. In addition, by thresholding images with lots of
details such as photos of real-world objects we obtain binary counterparts with ragged edges
and many separate small groups of pixels. Then, as a result of skeletonization we get graph of a
large size, with structure reflecting minor features of image and attenuating major ones. Thus,
to amplify low-frequency components of image and reduce noise we take advantage of Gaussian
blur filter, which makes the intensity surface more smooth. As a result of thresholding of such
a surface we obtain less ragged shapes and, what follows, a skeleton with a smaller number of
junctions. We have decided to apply Gaussian blur instead of other noise-reducing filters such
as mean or median filter because it is better in preserving edges and has a separable kernel.

Let I be a greyscale image and let T = [t1, . . . , tk] be an array of thresholds ti ∈ (0; 255).
The process of converting image to ordered set of graphs is performed as described on Algorithm
1.

Algorithm 3 Converting image to ordered set of graphs
Input: I, T = [t1, . . . , tk], σ
Output: S = [g1, . . . , gk] {set of graphs}
1: I = equalizeHistogram(I);
2: I = gaussianBlur(σ);
3: i = 1;
4: repeat
5: BI = getBinary(I, ti);
6: SI = skeletonize(BI); {skeletonization by thinning}
7: g = convertSkeletonToGraph(SI);
8: S[i] = extractGreatestConnectedComponent(g);
9: i = i+ 1;
10: until i > k;
11: return S;

29



3.2 Graphs representing patterns

a b c

d e f

Figure 3.1: The process of image to graph transformation using skeletonization: a. original
image, b. histogram equalization, c. Gaussian blur, d. thresholding, e. skeletonization, f.
greatest connected component of skeletal graph (71 vertices and 90 edges).

Histogram equalization is performed by calculating cumulative frequencies within image.
The parameter of Gaussian blur filter σ sets kernel size, therefore it affects the degree of
smoothing and, consequently, the size of graph obtained from skeleton. Skeletonization is
performed with the use of thinning morphological operation. The skeleton is converted to graph
via algorithm which distinguishes between pixels with one, two and three or more neighbors
treating two-neighbor pixels as edge points and remaining two kinds as vertex points [143]. The
graph obtained from skeleton is usually not connected. Because we are going to use matching
method that requires connected graph, we select the greatest connected component of skeletal
graph as the representative for a given threshold. The drawback of the described approach
is that some of information contained in the skeleton is lost. On the other side, small-sized
connected components being result of noise or tiny separate segments are omitted. In Figure 3.1
the process of image to graph transformation for single threshold 124 and σ = 3.0 is presented.
The greatest connected component extracted from skeleton has 71 vertices and 90 edges. As we
can see this part of skeleton represents only a fragment of the photo (teddy bear and a mug).
Applying different thresholds can give different results.

Delaunay graphs

Extracting feature points using corner detector and applying Delaunay triangulation yields
purely structural image representation. This transformation is frequently used in image reco-
gnition tasks owing to its good correspondence with a structure of underlying image [107]. The
schematic view of corners-based graph generation is depicted in Figure 3.2. Typically, Harris
corner detector [88] is employed to obtain feature points. A corner reflects image point where
intensities change rapidly in two perpendicular directions (crossing edges).

In order to add connectivity information to discrete feature set, 2D Voronoi cells are gen-
erated around each corner. Next, dual graph is constructed, in which edges join corners with
adjacent Voronoi cells. Delaunay graphs possess several properties that make them well-suited
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for encoding image structure [110].

• No point appears inside circumcircle of a triangle, therefore any additional noise point
affects only local structure, in the region indicated by neighboring circumcircles.

• Partial occlusions leave remaining part of a graph similar to original one.

• The nearest neighbor graph for a point set is a subgraph of the Delanuay triangulation.

• Delaunay triangulation maximizes minimum angle of all triangle angles, what allows to
avoid skinny triangles.

• 2D Delaunay triangulation can be computed with time complexity O(n log(n)), where n
is number of points (divide and conquer algorithm [82]).

• Average vertex degree of Delaunay graph on plane is 6.

• Vertex degrees reflect corners density - regions with many corners yield degrees above the
average.

• Delaunay graph is planar.

a b c

Figure 3.2: Image to graph transformation using Delaunay triangulation of corners: a. original
image, b. applying Harris corner detector [88], c. Delaunay triangulation.

Delaunay graph derived from images can be enriched by adding node labels such as corner
positions (2D attributes) or edge weights. In one of previous works [56], we studied application
of weighted Delaunay graphs encoding extra information about triangles for aerial and satelite
photos recognition. In order to establish edge weight we take into consideration two triangle
angles facing this edge (see Figure 3.3, angles α and β). The important property of Delaunay
triangulation is that α + β 6 π. We define edge weight as a permutation invariant function
of two angles f(α, β). For edges lying on the convex hull of point set, the second angle is 0
(unbounded Voronoi cell, second triangle vertex located infinitely far away). The weights are
normalized to be in the range 0.0 to 1.0. Function f can be one of the following: max(α, β),
min(α, β), α ∗β, α+β. For instance, by selecting f = max(α, β) we put greater importance to
edges joining vertices which posess spatially close common neighbor. In this manner additional
spatial information is incorporated into graph representation. Such weights are particularly
useful in aerial photo recognition as in this type of patterns relative locations of objects change
rarely and angles remain approximately constant. The frequencies of angles in Delaunay graphs
were also used as a feature vector representing shapes [146].
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Figure 3.3: Computation of edge weights in Delaunay graph based on edge-facing angles.

3.2.2 Structural patterns and applications
In this section we present short overview of datasets, which benefit from structural pattern rep-
resentation and recognition. The IAM benchmark database [132] contains graphs covering wide
range of applications including recognition of digits, letters, symbol drawings and fingerprints.
Apart from image representations it also stores structured web documents from different cate-
gories, chemical compounds with activity or inactivity against HIV, mutagen and nonmutangen
molecues and proteins grouped according to their enzyme class. Building efficient classifiers for
those data has strong practical implications. Columbia object image database (COIL) [115],
which stores different views of rotating 3D objects (each 5◦) is frequently used to test Delaunay
graph representations in unsupervised learning tasks. Also, Caltech 256 photo set [81], which
consists of objects on different backgrounds was analyzed in a strucutral manner [166].

3.3 Graphs in biology
Biological systems can be described at the cellular level as a large network integrating expression
data for genes, proteins and metabolites. Interaction patterns among basic components of living
cell are used to form various types of graph data, that allows for investigation of such phenomena
as adaptation or robustness [24], and constitutes general framework for system biology.

3.3.1 Metabolic networks
This type of cellular network consists of metabolic reactions taking place inside living organisms
to provide energy or build cell elements. The reactions are normally catalyzed by proteins called
enzymes. The enzymes are synthesized using information contained in genes. The common ap-
proach in biology for the study of metabolism is the discovery of so-called metabolic pathways,
which are the series of reactions that generate or utilize specific substance e.g. glycolysis path-
way converts glucose into puryvate releasing free energy. The rate of production of molecules
through metabolic pathway is called metabolic flux. The flux is regulated by enzymes in re-
sponse to changing environmental conditions. By linking pathways one can form metabolic
network, providing system view of cell metabolism.
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The basic unit of metabolic pathway is a reaction catalyzed by enzyme in which substrates
are transformed to products. As the reaction can be multi-substrate and multi-product its
representation as a graph is not straightforward. In building metabolic networks from basic
reactions two approaches are used. In the first one metabolites are modeled as labeled graph
vertices, whereas reactions form edges. The enzymes are not directly included. This way of
representation requires identification of principal link, i.e., a pair of substrate and product
so that majority of carbon atoms in substrate is also present in product [97]. The different
perspective method for integration of pathways into one metabolic network is treating enzymes
as nodes of network and linking two nodes a and b if product of reaction catalyzed by enzyme
a is a substrate of reaction catalyzed by enzyme b.

Due to multi-intermediate nature and diversity of chemical reactions inside a cell, the
metabolic network cannot reflect all different aspects of the metabolism. It usually represents
incomplete knowledge, firstly due to limitations of graph representation that needs determina-
tion of metabolites relevant to construction of edges and secondly because for the great part
of living organisms only a small part of metabolic pathways has been discovered so far. The
automatic creation of metabolic networks is difficult as biochemical knowledge is required to
select proper set of metabolites and form relevant edges.

The metabolic network of an organism, even created on the basis of complete set of reactions,
does not describe completely the state of entity. The network is a static part of description
while metabolic fluxes of reactions changing in response to environmental stimuli reflect its
dynamics. The enzymes gene expression levels determine active portions of metabolism, which
can be incorporated into metabolic network using edge weights. The study of cell metabolism
requires costly high-throughput experiments, that despite of indubitable advances in the field,
still cannot provide complete view in a form of, e.g., list of all proteins present inside a cell or
list of reactions occurring in a cell. This is due to finite sensitivity of experiments and inherent
difficulty arising as exceptions from gene → enzyme → reaction one-to-one mapping.

Metabolic network can be constructed using single-organism pathways or all known reac-
tions. In the latter case we obtain a super-metabolic-network that develops as far as new
metabolic pathways are discovered, nevertheless is does not represent any living organism [97].
Determining comprehensive metabolic network for the given species can be impossible as
metabolism of a few model organisms was explored profoundly. The collections of metabolic
pathway data for many species is provided by databases http://www.genome.jp/kegg and
http://biocyc.org.

The described network is directed, labeled graph that can form the basis for further inve-
stigations. The first issue that can be addressed is the global structure of metabolic networks.
Do they vary among different species and to what extent the physiology of an organism is re-
flected by the network topology and dynamics? The study of metabolic networks revealed that
generally they follow scale-free in-degree and out-degree distributions and posses small-world
property [92, 155]. These findings hold for metabolic networks constructed in different ways.
Nevertheless exceptions exist and due to incompleteness and limited range of data some results
should be treated as rough approximation. The average path length depends on the type of
metabolic network [97]. For certain types the values of 8.3 and 8.1 were reported, what is more
than for random graph of similar size [16,125]. Besides, the metabolic networks of Archaea1 ap-
pear to be more random-like and far from scale-freeness [169]. The question whether metabolic
graphs epitomize complex networks community governed by preferential attachment rule or are

1Domain of single-celled microorganisms without cell nucleus, which can be found in extreme environments
such as salt lakes or hot spots
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the result of biologically and spatially constraint optimization is still under debate [97].
The clustering of network nodes confirmed functional subdivisions of metabolism such as

catabolism1 or lipidic biosynthesis. The modules are organized hierarchically, so that submodu-
les combine into greater modules [89, 130]. The application of different hierarchical clustering
algorithms brought more interesting insights such as revealing giant connected component repre-
senting inter-convertible metabolites and associated substrate and product subnetworks forming
so-called bow-tie structure [109]. The degree distributions in separate modules are exponen-
tial, what in combination with highly connected carrier metabolites yields power-law global
distribution [145]. The study of functional organization of metabolic graphs is a prominent
application of graph community detection algorithms.

The next issue concerning metabolic networks is their robustness to damage caused by
mutations or purposeful silencing of genes encoding enzymes. Owing to heavy-tailed degree
distributions they appear to be resistant to random attacks and vulnerable to targeted attacks,
what is a common feature of complex networks. However, this does not mean that metabolites
of low connectivity are less important. Due to cascading perturbations caused by elimination of
single enzyme (lack of certain product p may stop next reaction for which p is a substrate) the
resulting damage cannot be modeled as simple deletion of single vertex. Contrary to findings
derived from complex networks approach, the highest damage to metabolic network is caused
by knocking-out enzymes that catalyze reactions producing metabolites of low degree [145].

The study of network vulnerability can be used in identifying targets for drugs [99, 167]
e.g. looking for lethal disruption of bacteria metabolic networks, so that the same drug does
not harm host organism. Such analysis requires recognition of essential edges (reactions) what
can be obtained using edges descriptors [18]. Last research efforts focus on multi-target attack
that was proven to be more effective than single-target approaches [14, 51]. Research carried
out on metabolic data allows also for uncovering evolutionary relations between organisms.
Such investigation uses hierarchical clustering algorithms based on substrate-product lists [122]
or metabolic-network descriptors [17]. The resulting phylogenetic trees allows for uncovering
gene-level similarity between organisms that cannot be obtained on phenotype-level.

3.4 Graphs in medicine
Medical applications of structured data include several types of graphs such as brain fuc-
tional organization networks [26], networks modeling connections between neurons and gene
co-expression networks used in complex disease gene mapping. Nevertheless, in this work we
particularly focus on a structural representation of blood vasculature.

3.4.1 Vascular networks
Vascular networks deliver oxygen and nutrients to tissues, therefore modeling their formation
and behavior plays significant role in understanding processes taking place in organs. Normal
vasculature at capillary level resembles regular, planar mesh (see Figure 3.4a). This is because
it evolved to provide approximately uniform spatial distribution of chemicals in surrounding
tissue. After changing scale from micrometers to millimeters, we can observe hierarchically or-
ganized arterio-venous vessels forming tree-like structures with many three-way junctions. This

1Metabolic reactions which release energy by breaking down complex molecues into simpler ones, e.g., gly-
colysis
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type of vessels provide long-range transport. The situation changes when vasculature in pre-
sence of tumor is examined (see Figure 3.4b). Here, the observed structures are heterogeneous,
non-hierarchical and fragmented into zones of different microvascular density [162]. Contrary
to normal vasculature, tumor blood vessels exhibit fractal geometry with many irregularities of
different sizes [22]. The process of tumor growth is divided into five phases.

1. Oncogenesis - DNA reparation system disrupted by mutation causes the esacape of
mutated cell from apoptosis. Normal cell transforms into tumor cell.

2. Avascular growth - supplied by diffusion-induced concentration of nutrients and oxygen,
tumor cells start to proliferate, reaching certain maximum size determined by amount of
food supply they acquire via diffusion.

3. Angiogenesis - due to unsufficient oxygen supply tumor cells come to hypoxia and
start to produce tumor angiogenic factors, which diffuse through the tissue and stimulate
growth of vasculature towards tumor.

4. Vascular growth - the tumor is connected to vascular network which provides prac-
tically unlimited access to resources and means of transport. After reaching this state
the prognosis becomes poor as tumor cells can be transported to different parts of host
organism and form metastases.

5. Metastasis - metastatic tumos appear in other organs.

Certainly, the transition from state 3 to 4 is critical, therefore many efforts were made to
elucidate complex dynamics of tumor vasculature growth and investigate how its structure influ-
ences tumor resistance to drugs [148,161]. Quantitative analysis of vascular networks topology
has considerable impact on advances of anti-angiogenesis therapy in cancer. Comparing blood
vessels in different metastatic tumors of the same type may test hypothesis about their similar-
ity. Promising application of graph matching algorithms arises as far as inter-regional variation
of vasculature in tumor is considered. Investigating relations between vascular networks in
different types of tumors can also bring valuable conclusions.

In the first approach to the study of tumor blood vessels, spatial parameters such as mi-
crovascular density (MVD) or box fractal dimension [22] were used. Unfortunately, the de-
pendence of those measures on the spatial position of sample make them not universal. This
is where purely topological network descriptors can be more helpful. Following core findings
from theory of complex networks [30], structural properties of vasculature such as connectivity,
modularity or scale-freeness can reflect functions and qualitative features of underlying complex
system. The information encoded by the structure of a network is extracted using dedicated
descriptors. For instance, edge betweeness centrality or clustering coefficient enables to find
sub-networks playing the most significant role in the whole system and allows for grouping
functionally similar nodes. Graph descriptors can be also used to keep track of tumor vascula-
ture dynamics and comparison of networks at different stages of development.

Regardless of being a promising research subject, digitalized vascular networks are expensive
and troublesome to obtain. Images from angiography or confocal microscopy can be segmented
and after skeletonization transformed to adjacency matrices (see Figure 3.4c,d), however such
a two-dimensional approach is definitely not perfect as vasculature is most likely a complex
3D structure. Two-dimensional real-world vascular networks are also obtained by special tu-
mor inoculation into laboratory mice [74] but the cost of such a procedure is prohibitively
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a b c

d e f

Figure 3.4: Samples of vascular networks (a) normal subcutaneous capilary network [74],
(b) confocal microscopy image of tumor microvasculature [112], (c)(d) 2D tumor vascula-
ture obtained from tumor-inoculated mice [22,74], (e) vascular network generated by discrete-
continuum model [161], (f) vascular network generated by tumor growth model based on cellular
automata [148]. All networks visualized on the basis of purely structural representation using
Graph Investigator application.

big. Therefore, in-silico experiments which can deliver vast amount of simulation data, play
prominent role in providing new insights into tumor growth mechanisms. Graph comparison
algorithms are applied here to validate the results of simulation with a real-world data [160].

In recent years many competing models of tumor-induced angiogenesis were created. Among
them, hybrid 3D model which combines particle dynamics, cellular automata and continuum
approach [161] appears to be most advanced. The sample tumor vasculature obtained from
simulation based on this model is depicted in Figure 3.4e. In turn, the model presented in
work [148] takes into consideration newly discovered angiogenic factors and includes remodeling
of existing vasculature. It employs graph of cellular automata as a substrate for tumor and
vasculature growth. The sample output of this model is presented in Figure 3.4f. The Graph
Investigator application descibed in Chapter 5 was developed as a validation tool for those two
modeling frameworks.
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3.5 Graphs in other disciplines
For the sake of completeness we briefly review sample graph data in other disciplines. Thereby,
the explanation of diagram presented in Figure 1.2 is provided.

• Sociology
The study of social networks which model various relations and associacions between
individuals has a long history. Many works on complex networks used this type of data
for analysis [24,25,30]. This includes graphs reflecting friendship, coauthorship, email or
telephone contacts, sexual activity or business relations. In today’s Facebook era, social
network meme is also recognized in a popular context.

• Chemistry
Chemical compounds are represented by attributed graphs with edges modeling bonds.
Predicting anti-cancer activity, mutagenicity or toxicity is one of problems set by those
data [126].

• Physics
The folding process in which long amino-acid sequences transform into three-dimensional
tertiary protein structures can be encoded as a graph with edges modeling transitions
between configurations which are represented by vertices. Quantitative analysis of such
a model can bring new insights into understanding of folding kinetics [41, 76,108].
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Chapter 4

Invariants of Distance k-Graphs for
Graph Embedding

In this chapter we explore graph embeddings constructed on the basis of invariants derived from
distance k-graphs [37], which are built upon the information about shortest paths of a given
graph. As a set of distance k-graphs is ordered, it constitutes a good basis for extracting features
invariant under graph isomorphism. We extend the definition of distance k-graphs to edge
distance k-graphs, which store more information about graph structure. Next, we show how
by collecting invariants of successive distance k-graphs, one can generate robust graph feature
vectors, efficient in clustering and classification of structural patterns. Particularly, we focus on
distance k-graphs degree distributions, which form graph B-matrix representations [20,57] and
can be obtained with relatively low computational cost O(n2). Moreover, recent developments
in GPU implementations of classical graph algorithms such as all-pair shortest-paths (APSP)
or breadth-first-search (BFS) allow for increasing the size of graphs analyzed interactively using
distance information by two orders of magnitude [86]. This motivated us to make use of CUDA
implementation of R-Kleene APSP algorithm [38] for computation of distance matrices and
generation of distance k-graphs for large networks. Therefore graph descriptors presented in
this work are an interesting alternative for spectral methods that usually require O(n3) steps.
In an experimental setting, by testing embedding stability and classification rates on real-world
datasets, our feature vectors are compared with graph characteristics derived from a heat kernel
matrix.

The outline of this chapter is as follows. First, in section 4.1.1 we recall definition of distance
k-graphs and show that their invariants can be used to distinguish graphs from which they were
derived. In section 4.1.2 we describe vertex B-matrix which is constructed on the basis of dis-
tance k-graphs degree distributions. The next sections introduce edge distance k-graphs which
encode more information about graph structure and define edge B-matrix invariant. In section
4.2 we demonstrate how B-matrices can be used for graph embedding. Later, experiments
on artificial and real-word data are presented including embedding stability test, unsupervised
and supervised graph learning. In the end we draw conclusions and discuss ideas for further
development of this approach.
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4.1 Distance k-graphs and B-matrices
In this section we show how the information about shortest paths in a graph G can be exploited
for generating ordered set of G-related graphs.

4.1.1 Vertex distance k-graphs
To commence we recall definition of distance k-graph [37].

Definition 4.1.1 For a graph G = (V (G), E(G)) we define distance k-graph GVk as a graph
with vertex set V (GVk ) = V (G) and edge set E(GVk ) so that {u, v} ∈ E(GVk ) iff dG(u, v) = k.

If dG(u, v) = k the vertices u and v are called k-neighbors. From this definition it follows that
GV1 = G and for k > diam(G) GVk is empty graph. The sample set of distance k-graphs for
Desargues graph is depicted in Figure 4.1.

a. k = 1, 30 edges b. k = 2, 60 edges c. k = 3, 60 edges

d. k = 4, 30 edges e. k = 5, 10 edges

Figure 4.1: Distance k-graphs for Desargues graph (20 edges, 30 vertices, diameter 5).

With growing value of k, the information about connectivity of G encoded in GVk graphs
moves from local to global. Several observations can be made after looking at Figure 4.1. We
recognize that the density of distance k-graphs changes non-monotonically with k. First, it
grows and after reaching certain midpoint, it begins to decrease. This ’turning point’, occuring
in {GVk } sets of many graphs, is related to finite size effects. After k passes average shortest
path length, the number of vertices separated by distance k decays. The GVk graphs are not
necessarily connected. For Desargues graph shown in Figure 4.1a, GV1 and GV3 are connected,
while GV2 , GV4 and GV5 are not connected.
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4.1 Distance k-graphs and B-matrices

The questions how the structure of G determines topological properties of GVk graphs and
whether G can be univocally reconstructed from the {GVk } set has been studied in graph theory
literature from the 70s [37]. For instance, in [151] it was shown what is the maximal number of
k-neighbors for a given graph G. The number of edges in distance k-graphs is maximized for so-
called t-broom graphs. Furthermore, coloring of distance k-graphs finds applications in efficient
computation of Hessians [75]. The k-th power of a graph, denoted by Gk is a transformation
similar to forming distance k-graphs. Here, the edge between vertices u and v is created iff
dG(u, v) 6 k [140].
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Figure 4.2: Efficiency (A.1) (a) and Estrada Index (A.11) (b) of distance k-graphs for three
random connected Erdős-Rényi graphs (80 vertices, 100 edges). The graphs possess nearly the
same values of GV1 efficiency, the difference occurs for k > 6 when higher-level features are
taken into account. Also Estrada Indexes of GV1 graphs are close, nevertheless the subsequent
distance k-graphs bring more discriminative information (k = 4, k = 6, k = 7).

In order to evaluate discriminative abilities of distance k-graphs invariants we generated
three structurally similar random Erdős-Rényi graphs (80 vertices, 100 edges) and computed
values of efficiency and Estrada Index for {GVk } sets. The Estrada descriptor, defined as a trace
of the exponential adjacency matrix, quantifies the content of subgraphs in the graph [63].
As presented in Figure 4.2, the higher-level features encoded by distance k-graphs, allow for
capturing subtle structural differences between random graphs of the same density. By enume-
rating scalar graph descriptors of GVk graphs we can obtain feature vector of maximum length
diam(G). For dense graphs this gives a low-dimensional representation that can be not discri-
minative enough. In order to extract more information from the structure of distance k-graphs
we plan to use constant-bin histograms describing frequencies of certain element descriptors
like vertex degree.

4.1.2 Vertex B-matrix
Vertex degree frequencies store information about local neighborhood of distance k-graphs.
From the perspective of source graph G, the locality of this information moves towards globality
with increasing k. In this section we construct permutation invariant representation of a graph,
composed of histograms of GVk graphs degree frequencies, that is also known as vertex B-
matrix [20, 57].
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4.1 Distance k-graphs and B-matrices

Definition 4.1.2 We define k-shell of vertex v as a subset of graph vertices at distance k from
v (k neighborhood of vertex v).

The sample vertex 2-shell is depicted in Figure 4.3a. Degree of order k is a size of respective
k-shell of vertex v. The nearest neighbors of v form its 1-shell and the size of this 1-shell is
degree of vertex v.

a b

Figure 4.3: a. Sample vertex 2-shell of vertex v, b. sample edge 1.5-shell of vertex v.

Definition 4.1.3 The vertex B-matrix of a graph with n vertices is defined as follows.
BVk,l = number of nodes that have l members in their k-shells,
where k ≤ diam(G) and l ≤ n.

From the definition above it follows immediately that BVk,l is a number of vertices with
degree l in a respective GVk graph. The edge in GVk joins two vertices u and v iff dG(u, v) = k.
This is equivalent to the fact that u belongs to k-shell of v and vice versa. By counting vertices
incident to u in GVk we establish the size of k-shell of u. The example of vertex B-matrix for
brain valcular network with 1090 vertices and 1438 edges is presented in Figure 4.4b.

To enumerate shell members for each vertex of the graph we use Breadth-First Search (BFS)
algorithm which runs with O(n + m) steps, where n is the number of graph vertices and m
is the number of edges. Therefore for sparse graph, vertex B-matrix can be generated with
computational cost O(n2) and for dense ones with O(n3) time complexity.

The structure of vertex B-matrix reflects the structure of an underlying graph, hence BV can
be used for visual comparison and classification of various networks. It is capable of capturing
such high-level properties of networks as assortativity/disassortativity, small-worldliness or
regularity [20]. The level of histogram overlap between consecutive rows of BV indicate network
branching. For dense, well-connected graphs the size of k-shells grows rapidly with k so that
neighboring histograms are far apart (see Figure 4.5a). The opposite behavior is observed
for sparse graphs (Figure 4.5b), with a special case of a path graph possessing only two non-
zero columns in BV (Figure 4.5c). The broadness of GVk vertex degree distributions indicate
graph regularity. Here, regular and distance-regular graphs give single non-zero entry in each
row, while highly irregular graphs yield wide, uniform-like histograms, especially for k close
to average shortest path length. The ’turning point’ described in the previous section is also
present in many vertex B-matrices (see Figure 4.4b). In case of not-connected graph G (infinite
diameter), only connected pairs of vertices are considered, so that resulting BV matrix is a sum
of BV matrices for all connected components of G.

Despite its robustness in encoding information about graph, vertex B-matrix is not a com-
plete graph invariant. This means that there exist pairs of non-isomorphic graphs possessing
the same vertex B-matrix representation. The example of such a pair is dodecahedral and
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a b c

d e f

Figure 4.4: a. Brain vascular network G with 1090 vertices, 1438 edges and diameter 30, b.
Vertex B-matrix of G, c. Edge B-matrix of G, d. Protein-protein interaction network H of
Aquifex aeolicus (1473 vertices, 3354 edges), e. Vertex B-matrix of H derived from commute
time metric, f. Edge B-matrix of H derived from commute time metric. Logarithmic color
scale is used.

a b c d

Figure 4.5: Examples of vertex B-matrices for graphs with 100 vertices: a. dense Erdős-Rényi
graph (p = 0.01), b. sparse Erdős-Rényi graph (p = 0.001), c. path graph, d. 6-regular graph

Desargues graphs. Nonetheless, the sets of distance k-graphs for these two graphs are distinct
and they can be distinguished using different invariants such as efficiency or Estrada Index (see
Figure 4.6).

4.1.3 Edge distance k-graphs
We start the presentation of edge distance k-graphs with a definition of vertex-edge distance.

Definition 4.1.4 Let G = (V (G), E(G)) be an undirected, unweighted, simple graph. The
distance from a vertex w ∈ V (G) to an edge euv = {u, v} ∈ E(G), denoted as dEG(w, euv), is the
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Figure 4.6: Efficiency (a) and Estrada Index (b) of distance k-graphs for Desargues and dodec-
ahedral graphs that posses the same vertex B-matrix.

mean of distances dG(w, u) and dG(w, v).

In case of unweighted graphs such dissimilarity measure has integer or half-integer values.

Definition 4.1.5 We define edge distance k-graph as a bipartite graph GEk = (U(GEk), V (GEk), E(GEk)) =
(V (G), E(G), E(GEk)) such that for each w ∈ V (G) and euv ∈ E(G), {w, euv} ∈ E(GEk) iff
dEG(w, euv) = k.

In Figure 4.7 the sample undirected graph is presented together with its edge distance 1-graph
(Figure 4.7b) and edge distance 1.5-graph (Figure 4.7c).

For a given vertex w, integer values of k account for edges euv whose endpoints are equidis-
tant from w. This means that euv belongs to odd closed walk of length 2k + 1 starting and
ending at w. For instance, edge distance 1-graph shown in Figure 4.7b contains information
about triangles in the graph G. Each triangle is encoded tree times by joining a vertex with the
triangle-opposite edge, e.g., for triangle {3, 4, 5} vertex 3 is connected to edge {4, 5}, 4 to {3, 5}
and 5 to {4, 3}. In a similar way GE2 stores information about closed walks of length 5, etc. On
the other hand half-integer values of k account for edges euv so that |dG(w, u)− dG(w, v)| = 1.
This represents closed walks of even length 2k + 1 (k is non integer this time) which start and
end at w. For instance, edge 0.5-distance graph is a bipartite graph joining vertices of G with
incident edges. The maximal value of k for which GEk is non-empty is 2× diam(G). Moreover,
in case of bipartite graphs, that do not posses odd cycles and for k = 1, 2, 3, . . . , 2 × diam(G)
GEk is an empty graph.

The size of edge distance k-graphs is greater than distance k-graphs, therefore we expect
them to be more information rich. In order to illustrate the utility of GEk invariants in distin-
guishing graphs we computed GEk efficiency descriptors for three random graphs used previously
in section 4.1.1. This time edge distance k-graphs were divided into two groups according to
value of k (integer or not-integer). As shown in Figure 4.8a for non-integer values of k we ob-
tained results consistent with those received for GVk (see Figure 4.2a). The values of efficiency
for k ≥ 6.5 vary from one another. Interestingly, integer k’s (odd-length closed walks features)
bring additional discriminative information (see Figure 4.8b). Here the distinction is clearer,
even for low values of k.
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4.1 Distance k-graphs and B-matrices

As computation of efficiency or Estrada Index forGEk requires additional computational over-
head we plan to explore computationally less-expensive invariants such as degree distributions
of vertices from U(GEk) or V (GEk) that can be organized in a form of edge B-matrix.

a b c

Figure 4.7: a. Connected graph G, b. Edge distance 1-graph derived from G, c. Edge distance
1.5-graph derived from G.

4.1.4 Edge B-matrix
In order to introduce edge B-matrix we employ the notion of vertex-edge distance defined in
the previous setion.

Definition 4.1.6 The k-edge-shell of vertex v is a subset of graph edges at distance k from v
(k can have half-integer values)

The sample 1.5-edge shell of a given vertex is depicted in Figure 4.3b.

Definition 4.1.7 The following equation defines edge B-matrix of a graph.
BEi,l = number of nodes that have l edges in their (1

2i)-edge-shells.

In other words i-th row of BE stores degree frequencies of vertices from U(GE0.5i) set of bipartite
GE0.5i graph. The vertices from U(GE0.5i) are connected with edges belonging to their edge 0.5i-
shell, therefore the number of vertices with degree l in U(GE0.5i) equals BEi,l. The maximum
size of BE is (2× diam(G))×m, where n denotes number of vertices and m number of edges.
The sample edge B-matrix of brain vascular network is depicted in Figure 4.4c. In order to
construct BE matrix, we need to have vertex-vertex distance information. The computational
cost of obtaining it is O(n3) for dense and O(n2) for sparse graphs (the same as for vertex
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Figure 4.8: Efficiency of edge distance k-graphs for three random connected Erdős-Rényi graphs
(80 vertices, 100 edges) a. non-integer values of k, b. integer values of k.

B-matrix). The difference is that this time we need more memory, as the number of columns in
BE depends on edge count. For dense graphs this becomes computationally cumbersome, as the
number of columns reaches the order of n2. Nevertheless, owing to narrow row distributions,
after removing zero columns, effective size can be decreased significantly.

Following remarks from section 4.1.3, we can establish several correspondences between
structural properties of G and shape of its edge B-matrix. First, for graphs without odd cycles
(bipartite graphs) even rows of BE are empty. This property cannot be easily derived either
from typical graph representations or from graph planar embeddings. Triangle-free graphs
possess empty second row (k = 1). Graphs without triangles and pentagons have empty sixth
row (k = 3). This is because closed walks of length 5 are pentagons, triangles with two-times
traversed edge attached to one of triangle vertices or triangles with one edge traversed three
times.

Edge B-matrices are different for Desargues and dodecahedral graphs that possess identical
vertex B-matrices. This prompted the authors of [20] to conjecture that this representation
together with BV forms a complete graph invariant. The positive answer to this question would
be equivalent to proving that graph isomorphism problem belongs to P complexity class.

4.1.5 Weighted graphs
The approach presented in previous sections can be extended to weighted graphs or different
vertex-vertex metrics, e.g., commute time [123] (see Appendix D). Assuming real non-negative
values of dG we redefine distance k-graphs and edge distance k-graphs as follows. Let r be the
number of distance bins1 and let b = diam(G)/r denote distance-bin size.

Definition 4.1.8 The distance k-graph of graph G = (V (G), E(G)) is as a graph GVk =
(V (GVk ), E(GVk )) so that V (GVk ) = V (G) and {u, v} ∈ E(GVk ) iff (k − 1)b < dG(u, v) 6 kb,
whereby k = 1, 2, . . . , r + 1.

Correspondingly, for real non-negative values of dEG we define edge distance k-graph.
1The maximum value of dG is divided into r equal intervals
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Definition 4.1.9 The edge distance k-graph of graph G = (V (G), E(G)) is a bipartite graph
GEk = (U(GEk), V (GEk), E(GEk)) = (V (G), E(G), E(GEk)) such that for each w ∈ V (G) and euv ∈
E(G), {w, euv} ∈ E(GEk) iff (k − 1)b < dEG(w, euv) 6 kb, where k = 1, 2, . . . , r + 1.

By adjusting value of r we get fine-grained or coarse-grained distance k representations of
a source graph G. These graphs form the basis for graph embedding. For instance, B-matrices
derived from commute time metrics computed for protein-protein interaction network of Aquifex
aeolicus bacteria are depicted in Figure 4.4e,f.

4.1.6 Shortest paths algorithms on GPU
Computation of graph feature vectors becomes infeasible for larger graphs. With a typical
time complexity O(n3) or at least O(n2), the significant part of graph embedding algorithms
suffer from data size-dependent long processing times. This problem can be tackled with
massively parallel architectures of modern GPUs and particularly using CUDA programming
model. In this section we would like to present several remarks on recently developed GPU
implementations of all-pair shortest-paths (APSP) and breadth-first-search (BFS) algorithms,
which can bring significiant performance boost to graph comparison based on distance k-graphs
and B-matrices.

Highly optimized GPU-enabled version of APSP recursive Kleene algorithm was described
in [38]. It uses parallelized, in-place version of fast matrix multiplication routines [154] and
stores whole distance matrix in the device memory. The key concept, that lies under its
efficiency, is that the problem of computing all-pair shortest-paths is rendered as a set of
recursive matrix-matrix multiplications on a tropical closed semiring [60] (see Section 6.3.1).
Owing to the idempotence of min operation, the modified matrix multiplication (min and +
instead of + and ∗) can be performed in place as the threads from different blocks are allowed
to modify the same global memory area without violating validity of the solution. Recursive
formulation of APSP increases data locality, which together with a usage of fast shared memory,
yields outstanding, two-orders of magnitude speedup over CPU implementations [38, 59]. For
instance, on Nvidia Tesla C2070, which possesses 448 multiprocessors and 6GB memory, the
computation of distance matrix for a random graph with 4196 vertices and 16863 edges takes less
than 1 second (including host-to-device memory transfers). During computation the distance
matrix is stored in GPU memory using single precision. This limits the size of graphs that can
be processed, e.g. for previously mentioned Nvidia Tesla C2070 the margin is 4 · 104 vertices.
For larger graphs, Buluç R-Kleene implementation becomes infeasible.

The use of condensed adjacency lists as a graph representation and CUDA implementation of
BFS algorithm allows for moving GPU memory size limit a step forward [86]. Here, the shortest
paths are computed separately for each vertex without the need to store whole distance matrix
in the device memory. In the bulk-synchronous-type BFS implementation presented in [86],
each thread is attached to a single vertex and level-synchronization together with vertices-
activity arrays are used to traverse graph. Random-type access to adjacency lists cannot be
coalesced, therefore, the speedup of BFS GPU implementation is much lower that one obtained
for APSP GPU algorithm and ranges from 2 to 6, depending on graph density.

In this work, we used optimized GPU implementation of R-Kleene algorithm integrated with
Graph Investigator application to generate distance k-graphs of larger networks and compute
their B-matrices [58,59]. The details of this part of research are explained in Chapter 6.
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4.2 Graph descriptors from distance k-graphs
In this section we define graph embeddings based on distance k-graphs invariants, particularly
on graph B-matrices. Let ? stand for V or E symbol, so that B? denotes BV or BE matrix of a
graph G.

The most straightforward way of graph embedding is packing rows or columns of B-matrices
to form a long pattern vector.

D?
long(kmin, kmax, lmin, lmax) = [B?

k,l]
kmin ≤ k ≤ kmax, lmin ≤ l ≤ lmax

(4.1)

Such an approach allows for retaining all the information present in a B-matrix. Using
parameters kmin, kmax, lmin and lmax one can extract the B-submatrix that combines selected
subset of low and high-level features. For instance by choosing 1 ≤ k ≤ 2 and 1 ≤ l ≤ n, where
n is number of graph vertices, we extract local information about nearest and second-nearest-
neighbors. In turn, after setting 1 ≤ k ≤ diam(G) and 1 ≤ l ≤ 3, D?

long stores information
about k-shells with a small number of elements, i.e., counts vertices that are relatively distinct
from ’typical’ ones either because of their location in the center of the graph, or due to low
local branching factor. The high-dimensional D?

long descriptor forms a good basis for further
feature selection (see Section 4.3.5).

In case of graphs with different number of vertices or different diameters, B-matrices have
to be scaled by padding zero-rows or columns to obtain pattern vectors of the same length.
In order to reduce dimensionality of D?

long, the size of k-level degree histogram bins can be
increased. This reduces the number of columns in B-matrix. Besides, the number of rows can
be decreased using a smaller number of distance-bins as described in section 4.1.5 for general
distance k-graphs. In this manner more coarse-grained B-matrices are generated. Logarithmic
scaling of non-zero entries of B? allows for reducing dynamic range effects, making heavy-
tailed degree distributions more tractable. Due to non-uniform structure of B-matrices, D?

long

possesses many zero elements, which for unsupervised learning can be easily removed from a
dataset in the preprocessing step. In case of supervised task, the same subset shall be removed
from a training and testing set.

As consecutive rows of B-matrices describe distributions of respective k-shell sizes, we use
aggregated statistics to generate per-row characteristics and combine them into one feature
vector. This can be particularly useful if the size of D?

long is too large and lower-dimensional
representation is needed.

D?
rstd(k) = σ?(k)

µ?(k) (4.2)

D?
rstd(k) is relative deviation of row k, whereby µ?(k) denotes average and σ?(k) standard

deviation of k-shell size (only nonzero entries of B? are taken into account). High values are
achieved for left-skewed broad k-shell size distributions while low values indicate right-skewed
narrow distributions. Therefore D?

rstd(k) can be used as a measure of k-shell regularity.
The Shannon entropy D?

ent(k) measures unpredictability of k-shell size. Low values of this
descriptor indicate that k-shells of certain size dominate, whereas higher values are obtained
for broad, uniform k-order degree distributions.

p(k, l) =
B?
k,l∑

lB
?
k,l

(4.3)
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4.2 Graph descriptors from distance k-graphs

D?
ent(k) = −

∑
l

p(k, l) log(p(k, l)) (4.4)

Assessing B-matrices inter-row diversity yields relevant graph features. The difference of
average (k − 1)-shell size and mean k-shell size reflects mean offset between consecutive distri-
butions.

D?
avgd(k) = µ?(k − 1)− µ?(k) (4.5)

Negative values of D?
avgd(k) indicate that k-shells have on average more members than (k− 1)-

shells. Large absolute values are obtained for dense graphs while small ones for sparse graphs.
The change from negative to positive value of D?

avgd(k) reflects the ’turning point’ described in
section 4.1.1.

For the sake of completeness, we also define distance k-graph efficiency and Estrada In-
dex that were previously used in sections 4.1.1 and 4.1.3 to present discrimination abilities of
distance k-graph invariants.

D?
ef (k) = ef(G?

k) (4.6)

D?
Est(k) = Est(G?

k) (4.7)

In case of edge distance k-graphs parameter k can have half-integer values. It is also
interesting to note that the number of edges in G?

k graph can be determined from respective
B-matrix

|E(G?
k)| =

1
2α

∑
l

lB?
αk,l, (4.8)

where for α = 1 for BV and α = 2 for BE . Let V̂ (G) be a subset of V (G) containing vertices
with non-zero degree. It can be shown that

|V̂ (GVk )| =
∑
l

BVk,l (4.9)

and

|Û(GEk)| =
∑
l

BE2k,l. (4.10)

4.2.1 Related descriptors and transformations
Our method of graph embedding relies on the conversion of a source graph into sequence of
derived graphs. Similar, transformation-based approach is utilized in the computation of Ihara
coefficients [48, 131]. Here, the analyzed graph G is transformed into oriented-line Hashimoto
graph encoding edge adjacency structure of G. The coefficients of the quasi characteristic
polynomial of the adjacency matrix of this graph {c1, c2, . . . , c2m} form the pattern vector
reflecting prime cycle frequencies in the graph G. Particularly, c3 coefficient being the negative
of twice the number of triangles is closely related to the second row of BE matrix. Let us
denote the number of triangles in graph G as n4(G). As indicated in Section 4.1.3, the graph
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4.2 Graph descriptors from distance k-graphs

GE1 conveys triangle structure of G, so that number of edges in GE1 is three times n4(G). Using
edge B-matrix, it can be formulated as below

n4(G) = 1
3 |E(GE1 )| = 1

3
∑
l

lBE2,l. (4.11)

In turn, descriptor µE(2) measures average degree of GE1 graph, taking into account only
vertices with non-zero degree, that is vertices from the set Û(GE1 ). Then, after noting that

µE(2) =
2∑l lB

E
2,l∑

lB
E
2,l

, (4.12)

we can find the relation between our descriptor and third Ihara coefficient

c3 = −µ
E(2)
3

∑
l

BE2,l. (4.13)

Furthermore, the relation to the number of triangles in a graph, links µE(2) descriptor with a
clustering coefficient invariant (A.3).

It is also interesting to note that coefficient c5, carrying information about pentagons in
G, is related to GE2 and, correspondingly, to fourth row of BE matrix. The GE2 graph is built
based on closed walks of length 5, but without backtracking constraint enforced for prime cycles
reflected by Ihara coefficients. Therefore, it encodes not only the number of pentagons but also
the number of triangles with a single edge attached to one of the vertices.

The number of edges in GVk is equal to the number of shortest paths of length k in the graph
G. Based on definitions of descriptors wi(G) and ef(G), after applying Equation 4.8, we can
express Wiener Index and efficiency of G as weighted sums of vertex B-matrix elements.

wi(G) = 1
2
∑
k

∑
l

klBVk,l (4.14)

ef(G) = 1
n(n− 1)

∑
k

∑
l

l

k
BVk,l (4.15)

The weights depending on B-matrix row (k) and column (l) affect contribution of non-zero
elements of BV to descriptor value. For Wiener Index, the higher values of k and l yield the
greater impact. In turn, the efficiency is high for graphs with quickly growing k-shell sizes, that
is for non-zero elements indicated by higher column numbers and lower row numbers. As the
product of Wiener Indices for two graphs is equivalent to the shortest-path kernel with linear
kernel on shortest paths distances [33], Equation 4.14 can be used to express shortest-path
kernel as a product of weighted sums over elements of BV .

The k-th power of adjacency matrix AkG allows for counting the number of walks of length
k in a graph G (see Theorem 1.4.13). Let us consider the ordered set of (u, v) elements from
subsequent adjacency matrix powers, that is {A1

G(u, v), A2
G(u, v), . . .}. The smallest value of k

for which AkG(u, v) 6= 0 determines the length of the shortest path between u and v. This can
be expressed as follows

dG(u, v) = floorkA
k
G(u, v). (4.16)

Therefore, to generate adjacency matrix of graph GVk (AGV
k
) using adjacency matrix AG we

need to compare sum of first k − 1 powers of AG with AkG. This sum is frequently referred to
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as adjacency matrix of the (k − 1)-th power of the graph (AGk−1). Using boolean operators of
negation and conjunction it can be expressed by formula

AGV
k

= ¬
k−1∑
i=1

AiG ∧ AkG = ¬AGk−1 ∧ AkG, (4.17)

where non-zero matrix elements are treated as true and zero ones as false. Moreover, in the
work by Bai et al. [21] it was also shown that

dG(u, v) = floorkP
k
G(u, v) = floork

n∑
i=1

(1− λi)kφi(u)φi(v), (4.18)

and

ht(u, v) = exp(−t)
n2∑
k=0

P k
G(u, v) t

k

k! , (4.19)

where ht is the heat kernel of graph G (A.15) and Pk is the modified adjacency matix with a
weight 1/

√
deg(u)deg(v) put to edge {u, v}. The heat kernel of a graph can be expressed as a

sum of time-parametrized Poisson distributions over walk-lengths. These equations provide the
link between heat kernel descriptors related to walks and distance k-graphs invariants based on
shortest paths.

4.3 Experiments
Herein, we describe experiments performed to test pattern vectors derived from distance k-
graphs. First, we use artifical datasets and investigate stability of graph embeddings under
controlled structural errors. To this end the relationships between graph edit distance and
Euclidean distance among new feature vectors are presented. Afterwards, unsupervised learning
on synthetic dataset is studied. Next, we demonstrate experiments on supervised graph learning
using two real-world datasets: graph representations of satellite photos obtained from Google
Earth and mutagenicity dataset from IAM benchmark database [132].

The new graph descriptors are compared with graph characteristics generated on the basis
of heat kernel [166], that is heat kernel content invariant and heat kernel content coefficients
invariant (A.15). We also use control feature vector Dcon that contains seven well-known
scalar graph descriptors such as efficiency (A.1) and average values and standard deviations of
degree, clustering coefficient (A.3) and betweenness (A.8). The results of graph embeddings are
evaluated using clustering validation indices (Appendix C): C index , Davies-Bouldin index and
Rand index for which we use 5-nearest neighbor algorithm to establish agreements in cluster
assignments [83].

4.3.1 Controlled structural errors
We used connected Erdős-Rényi graph with 220 vertices, 440 edges and diameter 7 as a seed
graph for performing random edit operations including edges addition (ea), edges deletion (ed)
and vertices deletion (vd). A selected edit operation was performed d times to obtain sample
graph at distance d from the seed graph. For a given d we computed 100 samples, whereby
1 6 d 6 120 (ea, ed operations) and 1 6 d 6 60 (vd operation). Additionally, for each modified

51
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graph the pattern vectors based on its distance k-graphs were generated. Then, we computed
Euclidean distances between those vectors and the seed graph feature vector. The dependencies
of Euclidean distance on graph edit distance for two selected graph descriptors DVlong and DVef
are presented in Figure 4.9. The average values and standard deviations of Euclidean distances
are reported.

For all tested descriptors the relationship between Euclidean distance and graph edit dis-
tance is approximately linear. Both for DVlong and DVef the slope of ed line is greater than ea line.
The same is observed for variance which is greater for delete operation. By removing edges we
can obtain non-connected graph for which many pairs (u, v) exist so that dG(u, v) = ∞. This
strongly affects structural properties of {GVk } set, as none of GVk graphs is connected. From the
perspective of distance k-graphs invariants, vertex/edge deletion is more structure-disturbing
operation than edge insertion. This is also visible on relative deviation (RSTD) diagrams (see
Figure 4.9c,f). The stability of DVlong descriptor is better than one for Def pattern vector, which
yielded approximately four times greater RSTDs.

4.3.2 Artificial graphs
In order to generate first dataset we selected four seed graphs of size 100: bb-seed is 3-regular
graph with 150 edges, me-seed is irregular 2D mesh with 200 edges, rm-seed is 2D lattice
with 180 edges and rr-seed is random connected Erdős-Rényi graph with 143 edges. For each
seed graph we performed 100 series of random edit operations that can be described by three
parameters (ne, spread, type). Parameter ne denotes a number of edit operations performed,
spread is a maximal random number added to ne in order to increase group variance and type
describes type of edit operations performed (edge addition, deletions or both). Clusters bb,
me and rr were generated using parameters (40, 20, both) while rm with (20, 30, deletion).
In this manner we obtained groups that cannot be easily separated by graph density. The
sample graphs from the dataset are depicted in Figure 4.10. Except for rr sample, the planar
embeddings appear to be structurally similar. The differences can be captured more accurately
with the use of vertex B-matrices.

The descriptors based on B-matrices were computed and mapped onto 2D and 3D space
using two unsupervised dimensionality reduction algorithms PCA (Principal Component Ana-
lysis) and LPMIP (Locality-Preserved Maximum Information Projection) [156]. The latter one
controls between-locality and within-locality simultaneously. The tradeoff between local and
global structure of the data is adjusted using parameter α. In this manner we can mix proper-
ties of manifold learning methods such as LLE (Locally Linear Embedding) or LPP (Locality
Preserving Projection) with a general-variance methods as PCA. The discrimination ability of
introduced descriptors is evaluated with the use of clustering validation indices computed in
low-dimensional spaces. The most interesting results are reported in Table 4.1. Low values of C
index (range [0; 1]) and Davies-Bouldin index (range [0;∞]) indicate good clustering, whereby
Davies-Bouldin index prefers clusters of spherical shape. Rand index ranges from 0 to 1, where
1 means perfect clustering. The three parameters of LPMIP algorithm were adjusted manually
to (nearest_neighbors = 20, σ = 20, α = 0.1), see Table 4.1. This means that we set the weight
0.1 to between locality and 0.9 to within locality.

The best results (both in 2D and 3D space) were obtained for long feature vectors derived
from edge B-matrix (see Table 4.1, rows 2 and 10). Figure 4.11 shows the embedding of graphs
in 3D space using DElong(1, 4, 1, 25) + µE , µV , σE , σV for 1 ≤ k ≤ 4 and its associated distance
matrix. With the use of edge B-matrices we can generate robust graph characteristics, that
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Figure 4.9: Euclidean distance (average value and standard deviation) vs. number of edges/ver-
tices added/deleted for selected graph feature vectors. Charts a, b, c describe DVlong(1, 7, 1, 50)
pattern vector with logarithmic scaling: a. edges addition/deletion, b. vertices deletion, c.
relative standard deviation for edit operations ea, ed and vd. Charts d, e, f concern DVef (k),
1 6 k 6 15 descriptor: d. edges addition/deletion, e. vertices deletion, f. relative standard
deviation for all operations.
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bb me rm rr

Figure 4.10: Visualization of sample graphs from artificial dataset using planar embeddings
and vertex B-matrices.

Vector Dim Dim Red Method 2D 3D
1 DElong(1, 4, 1, 25) 100 PCA 0.07, 1.00, 0.93 0.05, 1.13, 0.96
2 DElong(1, 4, 1, 25) 100 LPMIP(20, 20, 0.1) 0.04, 0.69, 0.98 0.03, 0.74, 0.99
3 DVlong(1, 4, 1, 20) 80 PCA 0.13, 1.62, 0.89 0.14, 1.85, 0.94
4 DVlong(1, 4, 1, 20) 80 LPMIP(15, 20, 0.1) 0.08, 2.11, 0.93 0.08, 2.13, 0.93
5 DVent, 1 ≤ k ≤ 10 10 PCA 0.14, 1.28, 0.79 0.15, 1.45, 0.80
6 DEavgd, 1 ≤ k ≤ 20 20 LPMIP(20, 20, 0.1) 0.12, 1.67, 0.81 0.15, 1.96, 0.81
7 µE , µV , σE , σV , 16 PCA 0.07, 1.16, 0.97 0.11, 1.50, 0.97

1 ≤ k ≤ 4
8 DVrstd, 1 ≤ k ≤ 10 10 LPMIP(20, 20, 0.1) 0.09, 1.2, 0.86 0.15, 1.69, 0.87
9 DErstd, 1 ≤ k ≤ 20 20 LPMIP(20, 20, 0.1) 0.09, 1.37, 0.81 0.16, 1.92, 0.84
10 vectors from row 2 116 LPMIP(20, 20, 0.1) 0.01, 0.47, 1.0 0.04, 0.54, 1.0

and 7 together

11 Dhkc, 1 ≤ t ≤ 10 10 PCA 0.05, 0.73, 0.89 0.05, 0.73, 0.98
12 Dhkc, 1 ≤ t ≤ 20 20 PCA 0.05, 0.86, 0.86 0.05, 0.86, 0.97
13 Dhkcc, 1 ≤ m ≤ 10 10 PCA 0.07, 1.46, 0.79 0.07, 1.47, 0.78
14 Dhkcc, 1 ≤ m ≤ 20 20 PCA 0.09, 1.16, 0.80 0.09, 1.17, 0.80
15 Dcon 7 PCA 0.11, 2.01, 0.79 0.11, 2.14, 0.86

Table 4.1: Low-dimensional embeddings of descriptors derived from graph B-matrices evaluated
using indices: C index, Davies-Bouldin index and Rand index (Appendix C). The order of
indices preserved in triples presented in the table

can perform better than ones derived from a heat kernel. Moreover, the cost of computing such
descriptors is lower (O(n2) vs. O(n3)). The BE stores more discriminative information than
BV . Long vectors perform better than aggregated statistics (e.g. DErstd), nevertheless the latter
are still comparable with descriptor Dhkcc, that requires O(n3) steps (see Table 4.1, rows 7 and
8).
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Figure 4.11: 3D embedding of combined feature vector build from graph B-matrices (see Ta-
ble 4.1, row 10) and its associated distance matrix.

4.3.3 Metabolic networks
Structure of metabolic networks change with the evolution of organisms forming a good basis
for assessing inter-species similarity and recognition of taxonomic groups (see Section 3.3.1 for a
more detailed description of metabolic networks). In this experiment we study clusterization of
organisms on the basis of B-matrices of their metabolic networks . Only structural information
is used in comparison, we skipped chemical compound labels attached to graph vertices.

The dataset comes from CCNR networks database [3] and contains substrate-reaction
metabolic networks of selected 43 organisms. We filtered out networks with a highest and
lowest number of vertices obtaining set of 23 species: 4 Eukaryotes, 14 Bacteria and 5 Archaea
(see Table 4.2). Next, the GCC of each graph was extracted yielding final dataset with network
sizes varying from 658 to 1268 and average size 968. In the unsupervised learning experiment
we compared results of extracting two principal components (PCA) from a matrix of features
constructed using different graph descriptors. Particularly, we investigated graph descriptors
derived from B-matrices. In addition to PCA we employed Locally Linear Embedding (LLE) di-
mensionality reduction algorithm which preserves neighborhood structure of high-dimensional
data. The results are reported in Table 4.3 with the best ones visualized also on a plane (see
Figure 4.12). Next, the distance matrices generated on the basis of two best low-dimensional
representations (see Table 4.3, row 1 and row 3) were used to generate phylogenetic trees
(neighbor joining hierarchical clustering) with a help of PHYLIP application [4].

The obtained phylogenetic trees are depicted in Figure 4.13. In our experiment we com-
puted descriptors derived from vertex B-matrices only, because for bipartite substrate-reaction
metabolic networks even rows of edge B-matrices are empty, so BE does not bring additional
information. The parameters of descriptors were selected arbitrarily, so that the number of
B-matrix rows included (kmax) equals maximum average diameter of metabolic network. In
order to decrease number of columns in B-matrix, the size of column bin was set to 10.

Estimating taxonomic groups from the structure of metabolic networks is a typical unsu-
pervised task, in which non-parametrized learning methods are most convenient to use. In case
of PCA projection, the best results were obtained for Dlong descriptor aggregating 18 left-most
columns of B-matrix. The descriptors DVent and µV , σV also perform well in terms of general
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Organism Label Domain Vertices Edges
Arabidopsis thaliana eu_AT Eukaryotes 689 1579

Caenorhabditis elegans eu_CE Eukaryotes 1173 2842
Emericella nidulans eu_EN Eukaryotes 911 2158

Oryza sativa eu_OS Eukaryotes 658 1498
Aquifex aeolicus ba_AA Bacteria 1052 2497

Actinobacillus actinomycetemcomitans ba_AB Bacteria 991 2335
Campylobacter jejuni ba_CJ Bacteria 939 2221
Chlorobium tepidum ba_CL Bacteria 913 2138
Enterococcus faecalis ba_EF Bacteria 1000 2431
Helicobacter pylori ba_HP Bacteria 940 2281

Mycobacterium bovis ba_MB Bacteria 1038 2441
Mycobacterium leprae ba_ML Bacteria 1050 2489
Neisseria gonorrhoeae ba_NG Bacteria 1042 2519
Neisseria meningitidis ba_NM Bacteria 970 2348

Porphyromonas gingivalis ba_PG Bacteria 1001 2322
Streptococcus pneumoniae ba_PN Bacteria 1069 2591

Streptococcus pyogenes ba_ST Bacteria 1043 2525
Thermotoga maritima ba_TM Bacteria 821 1957
Archaeoglobus fulgidus ar_AG Archaea 1268 2980

Methanococcus jannaschii ar_MJ Archaea 1082 2561
Pyrococcus furiosus ar_PF Archaea 746 1749

Pyrococcus horikoshii ar_PH Archaea 764 1779
Methanobacterium thermoautotrophicum ar_TH Archaea 1112 2682

Table 4.2: Metabolic networks from CCNR database [92].

Vector Dim Dim Red Method 2D
1 DVlong(1, 14, 1, 18) 252 PCA 0.14, 1.9, 0.87
2 DVrstd, 1 ≤ k ≤ 14 14 PCA 0.19, 3.6, 0.70
3 DVrstd, 1 ≤ k ≤ 14 14 LLE(8) 0.16, 0.8, 0.96
4 µV , σV , 1 ≤ k ≤ 14 28 PCA 0.13, 3.29 , 0.74
5 µV , σV , 1 ≤ k ≤ 14 28 LLE(7) 0.13, 1.52 , 0.70
6 DVent, 1 ≤ k ≤ 14 14 PCA 0.12, 2.31, 0.78
7 DVent, 1 ≤ k ≤ 14 14 LLE(11) 0.13, 1.60, 0.61
8 DVef , 1 ≤ k ≤ 14 14 PCA 0.17, 1.13, 0.83
9 DVef , 1 ≤ k ≤ 14 14 LLE(8) 0.2, 1.07, 0.91
9 Dhkc, 1 ≤ t ≤ 30 30 PCA 0.18, 5.26, 0.61
10 Dhkc, 1 ≤ t ≤ 30 30 LLE(11) 0.33 , 3.66, 0.61
11 Dhkcc, 1 ≤ m ≤ 30 30 PCA 0.26, 3.74, 0.52
12 Dhkcc, 1 ≤ m ≤ 30 30 LLE(9) 0.43, 4.19, 0.61
13 Dcon 7 PCA 0.20, 3.03, 0.65
14 Dcon 7 LLE(8) 0.25, 2.91, 0.61

Table 4.3: 2D embeddings of descriptors derived from B-matrices of metabolic networks, eva-
luated using indices: C index, Davies-Bouldin index and Rand index (the order of indices
preserved in triples presented in the table). In the LLE algorithm we used fixed regularization
parameter r = 1.0−5 and nearest neighbors parameter (displayed in parentheses) adjusted to
obtain best separation of clusters.

variance. The clustering validation indices computed for embeddings based on heat kernel ma-
trix and control feature vector indicate much worse separability of clusters. Even relatively
low-dimensional DVent (14D) is more informative than elaborate Dhkc (30D) descriptor. For
neighborhood-preserving LLE projection the reported number of neighbors used to calculate
point reconstruction weights is one for which we obtained highest values of clustering validation
indices. After applying LLE the cluster separation for DVrstd and Dhkcc descriptor was improved
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a b

Figure 4.12: Visualization of 2D embeddings of pattern vectors representing metabolic net-
works, a. PCA (see Table 4.3, row 1), b. LLE (see Table 4.3, row 3)
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Figure 4.13: Phylogenetic trees generated from distance matrices of the set 2D pattern vectors
representing metabolic networks of 23 organisms: a. DVlong descriptor + PCA (see Table 4.3,
row 1) b. DVrstd + LLE (see Table 4.3, row 3)

with the former descriptor yielding best overall result. The control 7D descriptor constructed
from typical scalar descriptors gave poor results as well as spectral descriptors. Indeed, as
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indicated in the work [17], such a measures are frequently not discriminative enough to capture
similarity of metabolic networks. In turn, B-matrices appear to be a good choice for extraction
of relevant features of such graphs.

Taxonomic groups emerging from distance matrices based on Dlong and Drstd descriptors
correctly reflect high level domain taxons, whereby separation for Drstd + LLE is more clear
(see Figure 4.13b). Nevertheless, the variance-maximizing approach presented in Figure 4.13a
brings several interesting, low-level groupings. For instance, TM (Thermotoga maritima) bac-
teria located in a three-member subcluster consisting also of hypher-thermophilic archaea PF
(Pyrococcus furiosus) and PH (Pyrococcus horikoshii) is known as one of deepest lineages in
Eubacteria kingdom, with 24% of genes similar to Archaea genes. The optimal growth temper-
atures for those organisms are as follows: 80◦C (TM), 98◦C (PH) and 100◦C (PF). The species
AT and OS representing kingdom Plantae are close to each other on both trees.

4.3.4 Satellite photos
In this section we describe experiments on classification of graphs generated from satellite
photos. With the help of Google Earth application we obtained three groups of photos (size
1412×940) representing fragments of cities. Each group contains 90 samples from approximately
the same area taken from altitudes 980m to 1.08km. In order to simulate occlusions and
clutter, prior to photo exporting, we performed rotations and translations of a scene. Three
examples from this dataset are depicted in Figure 4.14. The photos were transformed to graphs
using Harris corner detector [88] and Delaunay triangulation. To discard graph size as a main
discrimination factor we decided to select 100 most distinct corners. As all photos contained
at least 100 corners, 270 graphs of size 100 were generated.

Photo
Instances 90 90 90
Label BO MO OK

Figure 4.14: Three samples from satelite photo dataset obtained using Google Earth application.

We used this dataset to study the performance of the nearest centroid classifier for feature
vectors based on distance k-graphs. Our results were compared with ones received for graph
characteristics derived from a heat kernel matrix [166]. We randomly selected 15 graphs of each
class to construct the test set and use the remaining graphs as the training set (75 training
samples, 15 testing samples). The operation was performed 200 times for each type of graph
feature vector. The average and maximum classification accuracy is reported together with its
standard deviation. Additionally, in order to get a meaningful low-dimensional representation
of patterns and increase recognition rate we applied dimensionality reduction methods PCA
(Principal Component Analysis), LDA (Linear Discriminant Analysis) and MMC (Maximum
Margin Criterion) [106]. The projection vectors were computed using training data and then
applied to obtain lower-dimensional representations of vectors from the testing set, like in
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Fisherfaces or Eigenfaces technique [28]. The results of classification are depicted in Table 4.4.
The target dimensionalities were selected experimentally to obtain highest accuracies.

Vector Dim Dim Red Target Dim Accuracy
Avg Max StdDev

DEavgd, 1 ≤ k ≤ 20 35 PCA 10 0.72 0.87 0.06
DErstd, 1 ≤ k ≤ 15 PCA 15 0.73 0.89 0.06

LDA 2 0.77 0.91 0.06
MMC 2 0.62 0.82 0.08
MMC 7 0.67 0.82 0.07

DVef , 1 ≤ k ≤ 10 20 LDA 2 0.65 0.87 0.07
DVEst, 1 ≤ k ≤ 10 MMC 3 0.61 0.76 0.07
DEef , 1 ≤ k ≤ 20 40 PCA 15 0.65 0.84 0.07
DEEst, 1 ≤ k ≤ 20 MMC 3 0.67 0.84 0.06
DVlong(1, 8, 1, 30) 240 MMC 3 0.75 0.93 0.06
DElong(1, 20, 1, 100) 2000 MMC 100 0.78 0.93 0.06
Dhkc and 30 PCA 10 0.65 0.80 0.07
Dhkcc, 1 ≤ t ≤ 15 PCA 15 0.66 0.80 0.08

LDA 2 0.64 0.80 0.06
MMC 2 0.67 0.84 0.06

Dcon 7 PCA 5 0.60 0.71 0.08
LDA 2 0.69 0.84 0.07
MMC 2 0.68 0.80 0.06

Table 4.4: Comparison of average and maximal recognition rates for graph descriptors derived
from distance k-graphs and heat kernel matrix.

The results obtained for descriptors derived from distance k-graphs are considerably better
than classification rates for Dhkc, Dhkcc and Dcon. Even unsupervised, global-variance-oriented
dimensionality reduction with PCA brings better accuracy than Dhkc with LDA or MMC.
The highest average accuracies were achieved for DElong(1, 20, 1, 100) and for aggregated DEavgd
and DErstd descriptors. Dimensionality of D?

long descriptors exceeds the number of samples,
therefore, in this case we applied MMC, which does not suffer from small sample size problem
and, additionally, is less vulnerable to overfittig (for high input dimensionality LDA has poor
generalization capability). The accuracies for DVEst + DVef vector are closer to ones achieved
for heat kernel based descriptors. Single feature per distance k-graph does not provide enough
discrimination information.

4.3.5 Mutagenicity dataset
Mutagenicity dataset from the IAM database [132] contains labeled graphs representing mo-
lecular compounds. The graphs are grouped in two classes mutagen and non-mutagen. The
atoms are represented by vertices (symbols C, O, H, N, Cl as vertex labels) while bonds are
modeled by edges. Predicting mutagenicity of a molecule is a task of significant importance as
mutagens are often responsible for tumor genesis. The sizes of graphs range from 6 to 417 with
average value 30.3. Besides, the dataset is divided into training (1500 instances), validation
(500 instances) and testing (2337 instances) sets.

In this experiment we investigate if purely structural representation of molecules (attributes
skipped) and distance k-graphs invariants can form a good basis for classifying mutagens. We
compare our results with reference classification rate 71.5% achieved for this dataset by Riesen
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Figure 4.15: Classification rates on mutagenicity validation set obtained using 1NN classifier
and DElong(1, kmax, 1, lmax) feature vector. Vertical axis shows values of kmax, while horizontal
axis values of lmax. The best accuracies were obtained for kmax = 9, lmax = 6 and kmax =
10, lmax = 6.

and Bunke [132] using k-nearest neighbor classifier and graph edit distance dissimilarity (vertex
and edge attributes used). We focus on DElong descriptor which yielded best accuracy in experi-
ments described in section 4.3.4. First, the pattern vector DElong(1, 80, 1, 20) was computed for
each instance in training and testing sets. The initial values of parameters kmin, kmax, lmin, lmax
were adjusted so that entire edge B-matrix of each graph is encoded by a long vector. To assess
gains in classification rates we refer to Zero classifier which chooses the class with the greatest
number of members in training data. For mutagenicity dataset it yields 55.33%. We obtained
accuracy 68.72% for initial pattern vector DElong(1, 80, 1, 20).

Vector/FS Dim Classifier Accuracy Remarks
Zero 55.33% Classifer selects major-

ity class in training
data

DElong(1, 80, 1, 20) 1600 1NN 68.72%
DElong(1, 11, 1, 6) 66 1NN 71.12% Descriptor parameters

values determined on
validation set

DElong/Gain Ratio [85] 162 1NN 70.39% Feature ranking on
training set

DElong/Principal Components 83 1NN 68.93% Training set
DElong/Genetic search [85] 1NN 69.58% Wrapper subset selec-

tion on validation set,
population size 20

Dhkc + Dhkcc 40 1NN 61.15% 1 ≤ t ≤ 20

Table 4.5: Classification results for mutagenicity dataset.

Next, in order to reduce input dimensionality and improve classification rate on the testing
set, we performed feature selection by adjusting values of DElong parameters with the use of the
validation set. The DElong descriptor is characterized by four parameters kmin, kmax, lmin, lmax
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which extract rectangular submatrix from respective B-matrix. Exhaustive search of 4D pa-
rameter space with constraints 1 6 kmin < kmax 6 80, 1 6 lmin < lmax 6 20 and application
of 1NN classifier on validation dataset can be used to determine descriptor parameters. Ne-
vertheless, such a process is time consuming as 1NN classification on 500-element validation
set is performed 160000 times. Therefore we propose to fix values of two parameters kmin = 1,
lmin = 1 and optimize kmax and lmax. With increasing value of kmax we are moving from
local to global features. Growing lmax allows for including information about edges with a
higher centrality. The classification rates obtained on validation set for 1 6 kmax 6 36 and
1 6 lmax 6 20 are depicted in Figure 4.15 in a form of heat map. We achieved best accuracy
75.4% for kmax = 9, lmax = 6 and kmax = 10, lmax = 6, therefore we use those parameters and
their neighboring values kmax ± 1, lmax = ±1 for classification on the test set. The best result
obtained here is 71.12% (kmax = 11, lmax = 6, see Table 4.5) which is 0.38% worse than the
accuracy reported by Riesen and Bunke. Nevertheless, this classification rate was acquired with
less computational cost and using only structural information. For a comparison, in Table 4.5
we also report results obtained using different feature selection methods such as Gain Ratio
ranker [124], principal components and wrapper subset selection with 1NN classifer on valida-
tion set and genetic search [85]. Our method of determining descriptor parameters yielded best
accuracy.

4.4 Discussion
In this chapter we have demonstrated how to extract features from graphs using distance k-
graphs invariants. Particularly, we investigated B-matrix representation constructed on the
basis of distance k-graphs degree distributions. Experiments have been conducted to study the
stability of proposed graph embeddings and test their discrimination abilities. The graph fea-
ture vectors derived from B-matrices were successfully employed to distinguish graphs with sub-
tle structural differences. Classification performed on satellite photo and mutagenicity datasets
proved that new pattern vectors can outperform descriptors based on heat kernel matrix. Fur-
thermore, for sparse graphs B-matrices can be constructed with O(n2) steps what makes this
approach more computationally feasible than the eigendecomposition-based algorithms. Ex-
ploiting GPU implementations of all-pair shortest-paths algorithm can bring additional perfor-
mance boost to the presented approach. We have adjusted parameters of long pattern vector
based on edge B-matrix and showed that non-optimal feature subset selection can improve
classification rate on mutagenicity dataset. Using our approach we obtained better results than
for other ranking and wrapper feature selection methods.

The main limitation of presented graph comparison methodology is that the size of B-
matrix representation varies with graph diameter and size. If we encounter high variance of
those variables in an analyzed dataset, the selection of right descriptor parameters becomes
troublesome. The question whether to perform logarithmic scaling or row normalization also
arises and the answer is not straightforward. Aggregating scalar distance k-graphs invariants
such as efficiency is an easier approach, however as we demonstrated in an experimental study,
it may not bring satisfactory results due to lower information content.

In the future we aim to test our graph comparison method on weighted graph datasets. We
also plan to investigate different vertex-vertex metrics such as commute time [123] and adopt
vertex-vertex similarity measures like f -communicability [65]. Furthermore, subsequent tests
on benchmark graph data will be performed.
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Chapter 5

Graph Investigator application

5.1 Related work
Network analysis software developed so far provide a variety of methods to investigate struc-
tured datasets. However, their practical use is often limited to the graphs of specific type,
e.g. social networks. What follows, the set of available descriptors is domain-biased. Also,
group analysis using unsupervised learning techniques is most frequently unavailable. Existing
applications share many features, for instance majority of them possess a visualization module
or structure edition module. Besides, the set of available graph descriptors is often modest,
containing basic measures and lacking more specific ones.

The example of large network analysis tool is Pajek [27], a Windows application capable of
visualizing graphs and performing statistical analysis of their topology. Despite its advantages
such as stability and maturity, platform dependence and closed code decrease flexibility of this
application. The NetworkX Python package [5] provides a productive framework for the study
of networks but requires programming skills, moreover the set of implemented graph measures is
modest. The tools intended for statistical social networks analysis and modelling are represented
by StOCNET [90] or Visone [36] applications. StOCNET, an open source Windows program,
does not provide analytic tools from spectral graph theory and its application to networks other
than social is limited. Visone is a closed source Java application with strong visualization
capabilities. It allows for computation of vertex metrics but more advanced features such as
forming feature vectors and embedding graph into pattern space are not available. From the
perspective of spectral graph theory, investigation of networks structure can be carried out
using Spectral net [68] program. Unfortunately, this .NET application seems to be no longer
maintained. Commercial graph exploration software is exemplified by NetMiner [6] or orgnet [7]
frameworks.

Our motivation for starting work on Graph Investigator was to create an application fo-
cused on computing rich set of graph descriptors and capable of network feature generation
for comparing real-world networks with some model network types. As pointed out in Section
3.4.1 the specific motivation was to provide tool for comparison of tumor blood vascular net-
works obtained from simulation and in vivo experiments. To this end, we developed application
module intended for analysis of groups of graphs using graph embedding and statistical pattern
recognition algorithms. To be a self-contained framework Gin comprises other modules such
as visualization, B-matrix analysis, statistical analysis, etc. The new method of graph compa-
rison based on distance k-graphs, presented in Chapter 4 is also incorporated into our software
framework.
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5.2 Program description

5.2 Program description
Graph Investigator is a program written in Java, available under (http://home.agh.edu.pl/
czech/gin) as Java Web Start. We decided to use Java programming language to provide plat-
form independence and take advantage of robust graph libraries as JUNG [8] and Prefuse [9].
The former package provides number of algorithmic tools while the latter is an advanced visuali-
zation framework. The application was designed to be extended easily, hence new functionality
e.g. new graph descriptors can be added without much effort. Provided that Java Runtime
Environment is installed, Graph Investigator can run on many different platforms as Linux,
Solaris or Windows.

The functionality of Graph Investigator is described below. First we present graph data
formats that can be used with our application. Then the basic analytic tools are described.
Next we report available visualization modules and finally we show how to perform analysis of
sample datasets.

5.2.1 Input/Output
Graph Investigator works with real-world or artificial networks. The latter ones can be gen-
erated using the following models: Barabási-Albert [23], Eppstein power law [61], Erdős-
Rényi [62], Kleinberg small-world [101], Watts small-world, clique model, path model, star
model and balanced tree model. Artificial networks are frequently used for comparison with
real-world data. Such analysis can reveal rules governing creation of real-world networks. Graph
Investigator accepts the following graph input formats: simple list of edges (*.el), Graph
ML (*.gxml), Amira skeleton (*.am) [10], Pajek (*.net), edgelist (*.edge), adjacency matrix
(*.mtrx), Graph eXchange Language (*.gxl) and binary Amalfi graph format [67]. A detailed
description of these file formats is available in application documentation. A user can also save
graph with the use of part of the above-mentioned formats and perform command line format
conversion for large sets of input data. Uploaded networks are presented in the table (see Fi-
gure 5.1) with tooltips providing general information such as number of edges and number of
vertices.

5.2.2 Graph descriptors
The analysis of network structure can be performed with the help of 98 parametrized descriptors
which are described in Appendix A and Appendix B. Graph Investigator provides two modes
of invariants computation: graph descriptors and vertex/edge descriptors. Separate measures
can be aggregated into one feature vector and used in this form in further analysis (e.g. using
Principal Component Analysis). Computation of vertex-attribute-based statistical moments
such as mean, standard deviation, skewness and kurtosis is also possible. Graph Investigator
enables to draw histograms of edge/vertex/path descriptors. As shown in Figure 5.1, graph
descriptors can be presented in a table while edge/vertex descriptors in a edge/vertex tooltip
on a graph picture. Values of vertex/edge descriptors can be also shown in a graph visualiza-
tion window using predefined colormap (see Figure 5.1). Spectral analysis module enables to
calculate algebraic decompositions (Eigendecomposition, SVD) of several graph matrices such
as adjacency matrix, Laplacian or normalized Laplacian. It also provides comparison of spec-
tral density functions for selected graphs. Additionally, application allows for computation of
descriptors based on heat kernel matrix [166]. Graph measures can be saved in CSV format
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(Comma Separated Values).

5.2.3 Visualization
Graph Investigator provides three modes of graph visualization: with force simulation, using
B-matrices of a graph [57] and using spectral embedding [78, 150]. The parameters of force
simulation can be adjusted to obtain different graph views. The vertex or edge descriptors are
visualized as tooltips or colors on graph drawing. The results of graph visualization can be
saved in the following graphic file formats: pdf, svg, jpg, png.

5.2.4 Graph analysis
Graph Investigator handles two types of datasets: single graph and groups of graphs. As de-
scribed in Section 5.2.2 graph invariants can be computed for each dataset type. In case of
grouped graphs, unsupervised and supervised learning based on user-defined feature vectors
can be performed. The available dimensionality reduction methods include Principal Compo-
nent Analysis (PCA), Locally Linear Embedding (LLE) [136], Isomaps [147], Kernel PCA [114],
Locality-Preserved Maximum Information Projection (LPMIP) [156], Linear Discriminant Ana-
lysis (LDA), Maximum Margin Criterion (MMC) [106]. Three indices are used for validation
of low-dimensional embeddings: C index, Davies-Bouldin index and Rand index. The com-
puted feature vectors can be saved as attribute-relation file (*.arff) and used further with the
Weka machine learning software. For importing to Matlab or Octave text file matrix output is
provided, and Gnuplot script output for results visualization.

5.2.5 Other features
Additionally, we provide useful feature for visualization of clustering. The set of graphs rep-
resenting certain real-world objects can be embedded into lower-dimensional space, where da-
tapoints are visualized as mini-photos (photos representing objects are associated to data as
described in application documentation). Moreover, the application allows for: extracting
greatest connected component, extracting all connected components, testing graph descriptors
using random edit operations, adjacency matrix matching via Singular Value Decomposition,
adjacency matrix visualization and B-matrix comparison for single graph and groups of graphs.

5.3 Sample use cases

5.3.1 Normal brain vascular network
The complex network discussed in this section represents brain cerebral micro-vascularization,
derived from 3D images acquired by confocal microscopy [70]. The moisac of 3D images can
be transformed into 3D skeleton using algorithm introduced in [70]. The skeleton, described
by the set of points and curves, is read by Graph Investigator and converted into graph with
2206 vertices and 2983 edges. Spatial visualization of this brain vascular network is depicted
in Figure 5.2a. For the sake of simplicity, in further analysis, we take into account its greatest
connected component (2131 vertices and 2846 edges). The Figure 5.2b presents visualization
of this component using force simulation (Graph Investiagtor).
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Figure 5.1: The main window of Graph Investigator. On the left - graph panel with a table
containing single-graph and multi-graph datasets. The main panel on the right shows internal
frames that allow for graph analysis and visualization.
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a b

Figure 5.2: Visualization of brain vascular network using Amira (a) and Graph Investigator
with force simulation (b). Picture (a) reflects real locations of vessels in space, whereas (b)
emphasizes topological features with better visible endings (forks) and long paths.

In Figure 5.3 the histogram of vertex degrees in vascular network is depicted. The network
has nearly uniform distribution of vertex degrees, nevertheless vertices with number of neighbors
greater than 3 also occur. The vertices of valence 3 dominate, which is a typical feature of river
networks or tree branches, that possess three-way junctions (forks) most likely. A relatively high
number of degree 1 vertices appears due to boundary cut of images from confocal microscopy
(see Figure 5.2a).
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Figure 5.3: Brain vascular network degree histogram

We compare the brain vascular network with two artificial networks of similar density and
average degree using subset of descriptors available in Graph Investigator. Our goal is to
determine if its structure is random, not revealing any patterns or to uncover the features that
make vascular network different from resembling artificial networks. First random graph was
generated using Erdős-Rényi model [62] in which an edge is established between each pair of
vertices with equal probability r, being the parameter of the model. The density of Erdős-
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Rényi graph depends on r. An example of such a graph for r = 0.01 and 60 vertices is depicted
in Figure 5.4b. Graphs obtained using Erdős-Rényi model can be unconnected. In this case
we add extra edges to get connected network. The second model allows to generate irregular
graphs [67], in which average valence is bounded by parameter k. The graph is build on the
basis of fixed valence random graph by moving some part of edges to new locations. Here we
decided to replace 10% of edges selected with uniform probability. After indicating edges to
move, network vertices are permuted so that each vertex receives new index i. For a given
edge new endpoint i is chosen using probability function α exp(−βi), where α and β depend on
graph size and are normalized as described in [67]. An example of irregular bounded valence
graph is depicted in Figure 5.4c (k = 3).

a b c

Figure 5.4: Examples of graphs from dataset used to test proximity of artificial and vascular
networks: a. fragment of brain vascular network (57 vertices), b. Erdős-Rényi graph (r = 0.01,
60 vertices) b. irregular bounded valence graph (k = 3, 60 vertices).

A subnetwork consisting of 1090 vertices and 1438 edges was extracted from brain vascular
network by random selection of node and following breadth-first traversal with depth limited to
15. Then, we created two networks of similar size and density using Erdős-Rényi (r = 0.001)
and irregular bounded valence models (k = 3). The set of graph descriptors computed for three
networks is presented in Table 5.1.

We assumed that the size and average vertex degree are similar for all three networks. As
presented in Table 5.1 some descriptors differ slightly while the rest capture features that se-
parate analyzed graphs. For instance normalized information of vertex degrees (see Appendix
A) is similar for all graphs. Moreover, relative differences in Randić connectivity index are also
minor. It reflects that general connectivity and complexity understood as number of cliques,
branches etc., is similar for three considered networks (vascular network has slightly smaller
structural complexity). On the other hand, values of B index, normalized Wiener index, M1
Zagreb index, normalized Platt index and standard deviation of degree distinguish vascular net-
work from artificial ones. These descriptors are similar for artificial networks whereas vascular
network is characterized by values approximately two times larger or smaller. This indicates
larger branching of vascular network, which seems to possess more forks and bifurcations. The
distribution of vertex degrees in vascular network is less wide than in case of artificial graphs.
As far as distribution of clustering coefficients and mM1 Zagreb index are considered, vascu-
lar network is more similar to Erdős-Rényi graph than to irregular bounded valence graph.
Yet, in terms of two statistical metrics computed on the basis of vertices betweenness centrality
(standard deviation and kurtosis) vascular network is closer to irregular bounded valence graph.
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Table 5.1: Descriptors computed for three networks: vascular, Erdős-Rényi (r = 0.001) and
irregular bounded valence (k = 3)

Descriptor Network
Vascular Erdős-Rényi Bounded valence

Number of vertices 1090 1028 997
Number of edges 1438 1582 1500
Diameter 30 15 18
Avg of Degree 2.639 3.078 3.01
StdDev of Degree 0.827 1.552 1.612
Kurtosis of Degree 0.411 0.260 40.699
Skewness of Degree -0.958 0.711 5.588
M1 Zagreb index 8334 12212 11616
MM1 Zagreb index 293.04 266.96 163.23
B index 0.195 0.497 0.426
Avg of Clustering Coefficient 0.222 0.153 0.033
StdDev of Clustering Coefficient 0.381 0.358 0.177
Kurtosis of Clustering Coefficient 0.218 1.796 25.537
Skewness of Clustering Coefficient 1.406 1.943 5.224
Normalized Wiener index 0.013 0.006 0.007
Avg of Betweenness Centrality 7163.1 2846.6 3205.6
StdDev of Betweenness Centrality 10068.7 3069.0 6321.8
Kurtosis of Betweenness Centrality 22.208 3.863 60.535
Skewness of Betweenness Centrality 3.698 1.766 6.816
Avg of RW Betweenness Centrality 0.0243 0.0123 0.0153
StdDev of RW Betweenness Centrality 0.0167 0.0076 0.0128
Estrada Index 3344.0 3834.4 3853.9
Normalized information of vertex degrees 0.0004 0.0005 0.0005
Normalized Platt index 4.2e-6 8.4e-6 8.7e-6
Randics connectivity index 526.3 481.6 477.8
Normalized Gordon-Scantterburry index 6.5e-9 2.3e-8 2.9e-8

To complete the comparison of the networks, we present their B-matrices computed using
shortest-path and commute time metric (see Figure 5.5). The B-matrices of three graphs differ
significantly. This is particularly visible for shortest-paths-based edge B-matrices, for which
number of non-empty rows is determined by a graph diameter. The matrices constructed from
commute time reveal less diverse patterns, however they also can be used to distinguish three
considered networks.

Our next step is to divide large vascular network into smaller subgraphs (possibly overlap-
ping in part) and try to measure to what extent such a group of graphs is structurally close
to clusters of artificial networks. In this experiment we selected two groups of random graphs
from the database described in [67]: the set of 20 connected Erdős-Rényi graphs (60 vertices,
r = 0.01, denoted by ER) and the set of 20 irregular bounded valence graph (mean valence 3,
denoted by BV). The group of 19 graphs was generated on the basis of large brain vascular
network by random selection of core node and breadth-first traversal with limited depth. Only
graphs of the size greater than 50 were considered. No more than 30 vertices may overlap
between two different instances. This set of vascular network fragments is denoted by FV. In
the Figure 5.4, three selected instances (one for each group) are presented. The averages of
mean vertex degrees are as follows: FV 2.37, ER 2.32, BV 2.99.

On the basis of computed graph descriptors, we created multi-dimensional feature vectors
to analyze structural proximity between groups of networks. Then, the pattern vectors were
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a b c

d e f

Figure 5.5: B-matrices of three networks computed using shortest-path and commute time
metric. First row (a, b, c) depicts edge B-matrices based on shortest-paths, while second row
(d, e, f) B-matrices obtained from commute time metric. First column (a, d) represents brain
vascular network (1090 vertices, 1438 edges), second column (b, e) describes connected Erdős-
Rényi network (r = 0.001, 1028 vertices, 1582 edges), third column (c, f) concerns irregular
bounded valence network (k = 3, 997 vertices, 1500 edges). The logarithmic color scale and
common matrix size are used to emphasize proportions of histograms.

embedded into 2D space using PCA (Principal Component Analysis). We tested a number
of combinations of descriptors, each time performing dimension reduction and evaluation of
clusters separation using two validation indices Davies-Bouldin index and C index (in 2D). The
best result for 4D feature vector composed of general graph descriptors: standard deviation
of degree, standard deviation of clustering coefficient, normalized Platt index and normalized
Wiener index is presented in Figure 5.6a. An example of 2D embedding using 2D spectral graph
descriptor is depicted in Figure 5.6b. This feature vector consists of mean value and standard
deviation of graph Laplacian matrix spectrum. As we pointed out earlier (see Table 5.1), stan-
dard deviation of degree separates vascular networks from Erdős-Rényi and irregular bounded
valence graphs, while standard deviation of clustering coefficient increases distance between
irregular bounded valence network and the rest.

Brain vascular network has specific structure distinguishing it from random graphs created
on the basis of artificial models. The distribution of its vertex degrees is nearly uniform, with
small variance. We observe relatively high clustering coefficients, branching factors and average
centralities of nodes. In case of two betweenness centrality measures, this network has the
greatest average values that indicate its efficiency in transporting blood both through shortest
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Figure 5.6: Three groups of brain vascular networks embedded into 2D space (PCA) using two
feature vectors: a. 4D vector composed of standard deviation of degree, standard deviation
of clustering coefficient, normalized Platt index and normalized Wiener index, b. 2D vector
formed of mean value and standard deviation of Laplacian matrix eigenvalues.

and random paths. These topological features are correlated with circulatory system function
of delivering chemicals to tissues and are apparently the result of evolutionary optimization.

5.3.2 Tracking angiogenesis simulation
The use case presented in this section is based on simulation data obtained from cellular au-
tomata model of tumor-induced angiogenesis [148]. We consider four sets of evolving vascular
networks obtained for different parameters of the model and present how the properties of these
networks change during simulation.

The model that generates described networks consists of two interacting parts: a transporta-
tion network (blood vessels) and consuming environment (tissue) [148]. The topology of the
network changes in response to distribution of TAFs (Tumour Angiogenesis Factors) epitomized
by VEGF (Vascular Endothelial Growth Factor) [42], which are produced by starving tumor
cells in order to stimulate vessels growth. In turn, the vascular network delivers oxygen and
nutrients to the tissue forming a gradient which affects tumor cells. The tissue is modelled by
a mesh of cellular automata while the transportation network by a graph of cellular automata
built over the CA mesh. The TAF concentration exceeding certain threshold activates vessels
to create sprouts that develop towards tumor tissue. The vessel states evolve from immature
to mature. Vessel maturity reflects its ability to transport blood and form new branches.

The model is characterized by a number of parameters governing rules of vascular network
evolution. In this work we focus on three types of parameters that control branching: TAF
threshold Tc, baseline branching probability Pb and level threshold multipliers that provide a
functional relationship between TAF concentration and branching probability. Provided that
TAF threshold in certain location is exceeded, the relevant vascular cell can start branching
with certain probability Pb. This probability can be adjusted using two pairs of parameters:
threshold T1, multiplier m1 and threshold T2, multiplier m2. If Tc > T1 then Pb is multiplied
by m1 and if Tc > T2 then branching probability is set to m2Pb. The parameters above allows
for increasing branching probabilities in case of high TAF concentrations, so that branching
activation function has more than one step (see Figure 5.7).
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Figure 5.7: Example of branching probability multipliers (m1 = 2, m2 = 4)

In creating angiogenesis models, an important goal is to measure how values of parameters
influence growth of vascular network. Graph descriptors are a main tool in analyzing the
changing topology of the growing network. We run 4 simulations with different parameters
(see Table 5.2). Next, for each simulation step we compute graph descriptors measuring local
structural properties of a generated network (mean degree and clustering coefficient). As shown
in Figure 5.8a, after 40 steps the sizes of networks start to grow exponentially with different rates
influenced by branching probabilities. The fastest growth is observed for set02, characterized by
highest branching probability for immature (young) cells. Comparing it to the slowest growth
for set04, which has the same Tcm value (TAF threshold for mature vessels), similar Tci (TAF
threshold for immature vessels) and parallel multipliers for same thresholds it seems that among
presented parameters Pbi (baseline branching probability) affects growing rate to the greatest
extent.

In Figure 5.8 we present graph size dependencies of several metrics. Our aim is to inves-
tigate network evolution without explicit time reference and to focus on observing structural
differences for networks of the same size. We investigate distributions of two local vertex de-
scriptors: clustering coefficient and degree (see Figure 5.8b, c, d). We observe that clustering
coefficient curves for set02 and set04 have similar shape with decrease at the beginning (graph
sizes 40-100), increase in the middle (characteristic point at 120 where they separate from the
rest) and decrease in the final phase. The decrease of clustering coefficient at the beginning
reflects fast path-like growth of vascular networks towards tumor (number of vertices of degree
2 increases, minor branching rate). For degree charts similar separation (set02 and set04 vs.
set01 and set03) is observed (characteristic point at 120). It seems that TAF threshold for
immature vessels is the discrimination factor here, as its possesses similar value for set02 and
set04 (0.4 and 0.5 respectively) and different value for set01 and set03 (0.1). Relatively high
values of Tci for set02 and set04 prevent young immature cells (dominating at the beginning of
simulation) from forming branches. Nevertheless a few sprouts created from mature cells can
develop towards tumor, extending vascular network size (graph sizes 40-100). Therefore after
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passing through maturity age (approximate graph size 100), the number of mature vascular
cells increases rapidly, resulting in high branching rate (100 -1000). The growth of sets 01 and
03 is more stable, however for all four sets we observe decrease of clustering coefficient in the
final phase. This effect is connected with reaching boundaries of the tissue mesh and periodic
boundary conditions.

The analysis illustrates how inspecting single network properties allows for gaining insight
into the processes governing the changing topology during network growth. Comparing series
of graphs with the use of descriptors allows for revealing network phase transitions and under-
stating how the parameters affect network structure. Also, the results can be used to select the
most relevant parameters of the model.

Table 5.2: The parameters of angiogenesis model for 4 simulation runs (only
parameters that that vary over sets are presented).

set 1 set 2 set 3 set 4
TAF threshold a(mature) Tcm 0.01 0.01 0.01 0.01
TAF threshold (immature) Tci 0.1 0.4 0.1 0.5

Branch probability (mature) Pbm 0.02 0.01 0.01 0.01
Branch probability (immature) Pbi 0.02 0.08 0.02 0.02

Level 1 threshold 0.6 multi 1 0.6 multi 2 0.6 multi 2 0.6 multi 2
Level 2 threshold 0.8 multi 1 0.8 multi 4 0.8 multi 6 0.8 multi 6

a TAF concentration is a real value between 0 and 1

5.4 Discussion
Graph Investigator provides a variety of network analytic tools ranging from feature generation
to visualization. It enables to obtain distinctive insights into network structure by employ-
ing numerous descriptors from graph theory. The program was built with a special focus on
biological networks as this kind of data grows constantly and its analysis has a wide range
of applications. We reported three typical use cases: comparison of brain vascular network
with artificial networks and inspecting how parameters of angiogenesis model affect structure
of generated vascular networks. We believe that graph-theoretical approach to biological data
analysis may bring many benefits, therefore developing software aimed at network exploration
is a task of great importance.

Graph Investigator was designed to be flexible and easily extended. Graph descriptors can
be added as plugins. The use of Java programming language provides its portability and makes
the development simpler and faster. Currently our application is at beta stage, therefore all
suggestions and contributions to its development are welcomed.
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Figure 5.8: The evolution of graph topology measures during angiogenesis simulation a. si-
mulation step dependence of network size (logarithmic Y scale) b. graph size dependence of
clustering coefficient (logarithmic X scale) c. graph size dependence of mean degree (logarithmic
X scale) d. graph size dependence of standard deviation of degree (logarithmic X scale).
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Chapter 6

Efficient graph comparison and
visualization using GPU

As it was shown in the previous sections, the practical approach to network analysis requires
robust descriptors and efficiency of their computation. The researcher should be able to capture
non-trivial graph features and compare or visualize large graphs interactively. Here is where
we can benefit from “1 teraflop on desk” provided by massively parallel architecture of modern
GPUs. High computational power and low cost of such units allow for increasing the size of
analyzed graphs by two orders of magnitude. Nevertheless the algorithms used for computation
of graph descriptors and graph visualization should be redesigned to be implemented in GPU
programming models like CUDA and applicable to SIMD processor arrays. Such an adaptation
includes problem decomposition performed to take advantage of data locality and using data
structures suitable for storage of large graphs in the device memory [86].

The motivation of this part of the dissertation is to bring interactive framework for graph
comparison, mining and visualization capable of dealing with large graphs and taking advantage
of GPU implementations of classical graph algorithms and linear algebra operations. We show
that computation of many graph descriptors can be reduced to different variants of the shortest
path problem or to a sequence of matrix multiplications. As recently shown, these operations
can be executed on GPU with high speed [38, 86]. We briefly present GPU implementation of
graph all-pair shortest-paths (APSP) recursive Kleene algorithm [38], breadth-first-search algo-
rithm and describe how they were integrated with existing Graph Investigator [58] application
via Java Native Interface (JNI). The experiments on selected real-world datasets are reported
and conclusions are drawn at the end of the chapter.

6.1 Distance-based graph invariants
In this section we list graph descriptors that can be computed on the basis of information about
shortest-paths or using linear algebra operations on graph matrices such as adjacency matrix
or Laplace matrix. These types of computations can be efficiently executed on GPUs, resulting
in significant performance boost.

• B-matrices based on shortest-paths and related descriptors (Section 4.2)

• Efficiency (A.1)

• Graph diameter (A.6)
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• Radius of a graph (B.1)

• Wiener index (A.2)

• Average path length (A.5)

• Vertex distance (B.2)

• Vertex eccentricity (B.2)

• Vertex closeness (B.2)

• Spectral descriptors (A.15)

• Weighted clustering coefficient (A.4)

Besides, several manifold learning methods such as Isomaps [147] rely on distance matrix of
k-nearest neighbor graph constructed from data points and can be accelerated using fast im-
plementations of APSP algorithm.

6.2 Short introduction to CUDA
CUDA (Compute Unified Device Architecture) is a parallel computing framework built on
Nvidia graphics processing units (GPUs). It provides API interfaces for High Performance Com-
puting (HPC) supporting many programming languages including C, C++, Fortran, Python
and Matlab. CUDA forms abstraction layer over GPU computational elements such as mem-
ory and processor cores. GPUs devote more transistors to processing than to control flow and
caching therefore they are suitable for performing data parallel computations. Today, GPUs
like GeForce GTX 590 provide 2488 GFlops single precision peak performance and significant
327.7 GB/s bandwidth.

The scalable programming model of CUDA allows for mapping the same program to devices
with a different number of cores. The basic abstraction of CUDA is a kernel, which is a
function executed in parallel by a certain number of threads. The fine-grained CUDA threads
are organized in blocks, which can have 1D, 2D or 3D structure. The thread block may contain
at most 1024 threads. This constraint stems from the fact that all threads in a block are
executed on a single processor core sharing its limited resources. Thread blocks are organized
in a 1D, 2D or 3D grid and are executed independently, in any order, what allows for kernel
launches on CUDA devices with a different number of processing units. The number of thread
blocks in the grid reflects the size of input data. The threads in a block can communicate
via shared memory and also may be synchronized. The memory of a GPU is hierarchically
organized, starting from local thread memory visible to a single thread, afterwards shared
memory accessible for all threads in a block and finally reaching global memory visible to all
threads. The global memory access latency is the greatest one.

At hardware level CUDA device is an array of streaming multiprocessors (SM). The num-
ber of processor cores in a single SM depends on GPU architecture and varies from 8 to 48 in
the newest devices. The threads from a block are executed concurrently on a multiprocessor,
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which implements Single-Instruction Multiple-Data (SIMD)1 processing schema. The instruc-
tions form a stream and are executed in order without branch prediction. The threads are
managed in groups called warps. Each warp contains 32 threads which start execution from
the same instruction and countinue processing supervised by the control unit of SM issuing
consecutive commands [13]. If the execution paths of all warps match, we obtain best effi-
ciency. Nevertheless, the threads can also branch, what forces warp to execute sequential part
of single thread and disable others. Due to branch divergence the performance of a computation
deteriorates. Taking into account all multiprocessors, hundreds of lightweight threads can be
active simultaneously on a GPU.

Heterogenic programming in CUDA requires combining host code (CPU) and device code
(GPU). Efficiency of the last one is influenced by many factors and often a single line of
code can have great impact on the execution time. In order to maximize global memory
throughput, during development of a parallel GPU-enabled application one needs to address
memory coalescing issues. Also data locality which allows for the use of L1 cache, plays a
significant role in producing maximum performance [12]. The next concern is providing high
occupancy of the device, i.e., keeping warps busy to hide latencies. Finally, the low-level
instruction optimization and using specialized function implementations from CUDA API can
bring program speedup [12]. The need to tackle all these performance aspects and usually some
additional ones, related to application-specific constraints, makes development of efficient GPU
applications not a straightforward task.

6.3 Graph algorithms on GPU
Graph descriptors presented in Section 6.1 can be computed efficiently using GPU realiza-
tions of two path problems and basic linear algebra routines. In the next sections we address
implementation details of these GPU graph algorithms.

6.3.1 All-Pair Shortest-Paths
Highly optimized implementation of all-pair shortest-paths problem using recursive Kleene (R-
Kleene) algorithm was recently described in [38]. It uses parallelized, in-situ version of fast
matrix multiplication routines on a tropical semiring (e.g. Volkov and Demmel version [154])
and stores whole distance matrix in the device memory. Assuming single precision this limits
the size of feasible graphs to 39796 on Nvidia Tesla C2070 with 6GB memory. If a graph is
undirected, two-bytes short type is used for storing distance matrix. This allows for increasing
maximum graph size to 56281 vertices, on the same GPU. The basis of R-Kleene algorithm is
the correspondence between matrix multiplication and connecting paths in a graph.

Let us recall classical Floyd-Warshall algorithm for all-pair shortest-paths (APSP) problem
(see Function 1). It employs dynamic programming and three nested loops processing pattern
to compute distance matrix of a weighted graph. The similar approach is used in matrix-matrix
multiplication routines (see Function 2). The difference is that in case of MM, the loops can
be placed in any order, while for APSP the order of vertices indicated by the outermost k loop
cannot change during execution. This makes MM more eligible for loop interchange optimiza-
tion. The functions listed below can be rewritten in linear algebra notation using operations on

1Nvidia uses separate term Single-Instruction Multiple-Thread (SIMT) to distinguish GPU architecture from
aproaches denoted by SIMD acronym used mainly in vector architecture contexts
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Function 1 Floyd-Warshall APSP
public void floydWarshall(float[][] x) {

int n = x.length;
for(int k = 0; k < n; k++) {

for(int i = 0; i < n; i++) {
for(int j = 0; j < n; j++) {

x[i][j] = min(x[i][j], x[i][k] + x[k][j]);
}

}
}

}

Function 2 Matrix self-multiplication
public void matrixSelfMultiplication(float[][] x, float[][] y) {

int n = x.length;
for(int k = 0; k < n; k++) {

for(int i = 0; i < n; i++) {
for(int j = 0; j < n; j++) {

y[i][j] = y[i][j] + x[i][k] * x[k][j];
}

}
}

}

a semiring (R+,⊕,⊗, 0, 1). The modified versions of algorithms are presented as Algorithm 4
(semiring R1 = (R+,min,+,∞, 0)) and Algorithm 5 (semiring R2 = (R+,+, ·, 0, 1)). For each
value of variable k, the outer product X(:, k) ⊗X(k, :) is computed and the output matrix is
updated. In case of Floyd-Warshall algorithm, X denotes working distance matrix storing cost
of going from vertex i to vertex j. Initially it is filled with edge weights and the special value
∞ for such entries Xi,j that edge {i, j} does not exist in the graph. The semiring R1 is called
tropical semiring. It possesses an important property called idempotence, which means that
x ⊕ x = x ≡ min(x, x) = x, for all x ∈ R+. Therefore, contrary to MM, the APSP can be
computed in place.

Algorithm 4 Floyd-Warshall APSP in algebraic notation
Input: X {modified adjacency matrix}
Output: X∗ {matrix closure}
1: for k = 0 to k − 1 do
2: X = X ⊕X(:, k)⊗X(k, :) {(R+,min,+,∞, 0) semiring}
3: end for
4: X∗ = X
5: return X

As presented in [60] and [38] the type of computations shown in Listing 4 can be carried out
recursively using R-Kleene algorithm. The pseudo-code of this divide and conquer algorithm
is provided in Listing 6. First, the square matrix X is divided into four blocks A, B, C, D.
If n1 = bn/2c and n2 = dn/2e, then submatrix A has the size n1 × n1, submatrix B - size
n1× n2, C is submatrix of size n2× n1 and submatrix D is of size n2× n2. Such a partitioning
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Algorithm 5 Matrix self-multiplication in algebraic notation
Input: X {input matrix}
Output: Y = X ·X {matrix self-multiple}
1: for k = 0 to k − 1 do
2: Y = Y ⊕X(:, k)⊗X(k, :) {(R+,+, ·, 0, 1) semiring}
3: end for
4: return Y

reflects division of vertices into two disjoint sets S1 and S2 (Figure 6.1). The sets have similar
cardinality with difference 1 existing for odd n. Initially, the block A contains information about
edges between vertices from set S1, while the block D encodes connectivity within set S2. The
blocks B and C complete the image by storing costs of intermediate edges joining vertices from
set S1 and S2. In the next lines of Algorithm 6, two-recursive calls for S1 and S2-induced
subgraphs are made together with matrix-matrix multiplications on tropical semiring which
update path lenghts by taking into account intermediate edges. The more detailed explanation
of operations performed in lines 5 – 12 is presented in the example below.

Algorithm 6 RKleene
Input: X {initialized with edge weights}
Output: X {at the end - distance matrix}
1: {using tropical semiring (R+,min,+,∞, 0)}
2: {multiplications done in place}

3: X =
[
A B
C D

]
; {divide matrix into blocks}

4: {vertices in two disjoint sets S1 and S2}
5: RKleene(A);
6: B=A⊗B;
7: C=C ⊗ A;
8: D=D ⊕ C ⊗B;
9: RKleene(D);

10: B=B ⊗D;
11: C=D ⊗ C;
12: A=A⊕B ⊗ C;
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a b c

Figure 6.1: Sample graph for demonstration of R-Kleene algorithm. The vertices are divided
into two groups: S1 = {0, 1, 2, 3} and S2 = {4, 5, 6, 7}.

Example

1. The initial distance matrixX for the graph depicted in Figure 6.1 is presented in Equation
6.1. The matrix is partitioned into four blocks as shown in Listing 6.

X =



0 1 ∞ ∞ | ∞ ∞ 1 ∞
1 0 1 ∞ | ∞ 1 ∞ ∞
∞ 1 0 ∞ | 1 ∞ 1 ∞
∞ ∞ ∞ 0 | ∞ ∞ 1 ∞
−− −− −− −− | −− −− −− −−
∞ ∞ 1 ∞ | 0 ∞ ∞ ∞
∞ 1 ∞ ∞ | ∞ 0 1 ∞
1 ∞ 1 1 | 1 1 0 1
∞ ∞ ∞ ∞ | ∞ ∞ 1 0


, (6.1)

2. Let us assume that after the first recursive call for block A (Listing 6, line 5) we obtained
distance matrix for a subgraph induced by the set S1 (see Equation 6.2).

A =


0 1 2 ∞
1 0 1 ∞
2 1 0 ∞
∞ ∞ ∞ 0

 , (6.2)

3. The block B is presented in Equation 6.3.

B =


∞ ∞ 1 ∞
∞ 1 ∞ ∞
1 ∞ 1 ∞
∞ ∞ 1 ∞

 , (6.3)

4. The line 6: B=A⊗ B performs computation shown in Equation 6.4 taking into account
paths which start in set S1 (possibly traversing many edges inside it) and then move to S2
following single edge from S1 to S2. The result of this operation is presented in Equation
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6.5. For instance, in updated block B we have distance between vertex 0 and 4 equal 3
what stems from including path 0 − 1 − 2 − 4 (see Figure 6.1b). In this way, in set S2
we obtain bridge vertices (marked with fatter border), for which the distance information
includes also edges outside S2. This allows for subsequent path length updates in the
next steps.

(A⊗B)i,j = min(Ai,1 +B1,j, Ai,2 +B2,j, . . . , Ai,n1 +Bn1,j), (6.4)

A⊗B =


3 2 1 ∞
2 1 2 ∞
1 2 1 ∞
∞ ∞ 1 ∞

 . (6.5)

5. The computation made in line 7: C=C⊗A is presented in Equation 6.6. Here, we account
for paths which start with single edge from S2 to S1 and then traverse sequence of edges
inside S1. In case of undirected graphs this update is symmetrical to one performed in
line 6.

(C ⊗ A)i,j = min(Ci,1 + A1,j, Ci,2 + A2,j, . . . , Ci,n1 + An1,j), (6.6)

6. The operation D=D⊕C ⊗B (line 8) updates information about shortest paths between
vertices in set S2. Initially, the block D contains only S2-internal edge weights. By
performing C⊗B operation using previously processed blocks, we take into account paths
which connect vertices from S2 but contain only external edges joining bridge vertices.
For instance, the path 4 − 2 − 6 allows for setting distance between vertices 4 and 6 to
2 (see Figure 6.1c). In this step additional ⊕ operation is needed, as paths going outside
S2-induced edge set can be not the shortest ones.

7. The rest of R-Kleene algorithm steps can be explained in a similar way.

R-Kleene CUDA implementation

In this section we provide remarks on CUDA implementation of R-Kleene algorithm. Porting
R-Kleene APSP to GPU was described in a recent work by Buluç [38]. Our contribution is
the integration of CUDA program with Graph Investigator using JNI (Java Native Interface)
and adjustments which improve its efficiency for undirected graphs and networks with bounded
diameter. We use version 4.0 of CUDA library.

1. As the device code does not support recursion we use host recursion stack and invoke
kernels implementing ⊗ and ⊕ operations.

2. The whole distance matrix is stored in the global device memory as a one-dimensional
array in column-major order. In this scenario memory coalescing works well.

3. We employ two implementations of GPU MM. The standard MM kernel using thread
blocks of size 16 × 16 and shared memory is called to process submatrices of sizes less
than 256×256. For larger ones, we use optimized MM kernel by Volkov and Demmel [154],
which takes advantage of smaller (16× 4) thread blocks to maximize registers utilization.

4. By using shared memory in the parallel operation ⊗, the number of reads from global
memory is minimized.
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5. The single precision float 4B type is enough for computing shortest paths of weighted
graphs, while for undirected graphs we use 2B unsigned short. This allows for better
utilization of available GPU memory. The diameter of connected graph with n vertices
is at most n, therefore unsigned short with maximal value 65635 is suitable for storing
matrix with distance values bounded by 56281 (6GB memory). Nevertheless, using short
type can reduce performance due to bank conflicts and short to int conversions. Thus,
we use this type only for the graphs of size greater than 39796 (see Table 6.1).

6. For R-Kleene block sizes less than 64 × 64 sequential Floyd-Warshall algorithm is em-
ployed.

7. In case of undirected graphs the operation A⊗B is symmetrical to C ⊗A and similarly
B ⊗D to D ⊗ C. We use this relation to optimize program for this type of graphs. The
MM kernel launches in lines 7 and 11 (see Listing 6) are skipped and the updates of
submatrix C are performed inside kernels performing operations A⊗B and B ⊗D.

8. In order to increase bandwidth between host and device memory we use page-locked
allocation on the host side.

9. The distance matrix updates presented in Equations 6.4 and 6.6 are performed in place,
therefore the elements of the matrix can be modified by a thread from a different block
during kernel execution. Nevertheless, this does not affect solution as the new value is
always less or equal to the old one.

10. For well-connected graphs the branching in execution paths of tropical semiring multipli-
cation kernels is lower (min function chooses one of two arguments much more frequently
than the second one). Owing to lower branch divergence we obtain better warp efficiency
for dense graphs.

Recursion allows for exploiting data locality, which is beneficial for stream processors. It brings
cache efficiency improving computation performance.

6.3.2 Breadth-First Search
When, due to large graph size, a whole distance matrix cannot be stored in GPU memory, the
GPU implementation of BFS algorithm [86,87] can be used to compute distances between given
vertex and the rest of graph vertices. In this case the different representation of a graph in a
form of packed edge list (one-dimensional array) is used [86]. Two kernels executed in a bulk
synchronous parallel mode are needed to perform this task (see Listing 7). The synchronization
of GPU threads (computation phase) between alternate kernel calls is obtained using CPU
barrier (communication phase). The pseudo-code of the algorithm is presented in Listings 7, 8
and 9.

The vertices are visited in levels and boolean array frontier shows all nodes processed at
current level. At the beginning frontier[i] == false except for one source vertex s. Kernel
invocations stop if frontier array contains only false elements. Distance array distance stores
lengths of shortest paths from the given vertex s to any other. The helper array afrontier
and additional kernel FrontierUpdatekernel are used to avoid read-write inconsistencies. The
global array frontier cannot be used in this step, because of possibility of read during update
errors. The boolean matrix visited gives information whether a vertex was already visited.

81



6.3 Graph algorithms on GPU

As the number of threads executed in parallel depends on the number of vertices in currently
visited level, the algorithm works more efficiently for dense graph.

Algorithm 7 BFS
1: while not terminate do
2: terminate← true;
3: BFSkernel();
4: synchronize();
5: FrontierUpdatekernel();
6: synchronize();
7: end while

Algorithm 8 BFSkernel
Input: frontier, visited - n-element global boolean arrays
Input: s - vertex, initially frontier[s] == true
Output: distance - n-element global integer array storing distances

between s and the rest of vertices, initialized with zeros
1: tid← getThreadId();
2: if frontier[tid] then
3: frontier[tid]← false;
4: for all neighbor of tid do
5: if not visited[neighbor] then
6: distance[neighbor]← distance[neighbor] + 1;
7: afrontier[neighbor]← true; {global helper frontier array}
8: end if
9: end for

10: end if

Algorithm 9 FrontierUpdatekernel
Input: frontier, visited, afrontier
1: tid← getThreadId();
2: if afrontier[tid] then
3: frontier[tid]← true
4: visited[tid]← true
5: afrontier[tid]← false
6: terminate← false
7: end if

6.3.3 Linear algebra of graph matrices
A part of presented graph descriptors is defined with the use of linear algebra operations such as
matrix-vector multiplication, matrix-matrix multiplication, Laplace matrix eigendecomposition.
All of them can be computed using well-known CUDA libraries CUBLAS and CULA. Only
available device memory limits the size of graph that can be analyzed this way.

82



6.4 Applications

6.4 Applications
In this section we show two examples of graph analysis with the use of GPU-enabled algorithms.
First, we report GPU/CPU timings for tumor vascular network distance matrix computation.
Next, we demonstrate comparison of several large networks obtained from synthetic models
and Stanford Large Network Dataset Collection [11]. We employ B-matrices and several graph
descriptors to show topological differences between those graphs. The descriptors presented
in Section 6.1 were implemented using CUDA and integrated with Graph Investigator [58] via
JNI. This allows for analyzing graphs of considerable size in an interactive way, which means
that the computation of a descriptor for a single graph takes no longer than 3 seconds. In
experiments we used two Nvidia GPUs: Tesla C2070 and GeForce GTX 260. Their technical
brief is presented in Table 6.1. Tesla C2070 is a high end processing unit dedicated for general
purpose computing (GPGPU), capable of delivering over 1Tflop single precision performance.
In turn, GeForce GTX 260 is a powerful GPU which can be obtained with relatively low
cost, and therefore it is found on many PCs. The size of available memory limits R-Kleene
APSP algorithm to graphs with 39796 and 11484 vertices (Tesla C2070 and GeForce GTX 260
respectively, assuming float distance matrix). In case of BFS algorithm, which uses different
graph representation in the form of packed adjacency list, we can analyze sparse graphs of size
107, however in this case the speedup is much smaller (GPU implementation 3-4 times faster).

Table 6.1: Specification of two GPUs used in experiments
Tesla C2070 GeForce GTX 260

Number of cores 448 192
Memory 6GB 896MB

Memory bandwidth 144 GB/sec 111.9 GB/sec
Frequency of CUDA cores 1.15 GHz 1.24 GHz
SP Peak Performance 1.03 Tflops 715 Gflops

Architecture Fermi GTX 200
Compute capability 2.0 1.3

Max size of distance matrixa 39796× 39796 11484× 11484
Max size of distance matrixb 56281× 56281 20060× 20060
a float or int, 4B
b short, 2B

6.4.1 Tumor vascular networks
Understanding dynamics of tumor proliferation is vital for anticancer drug design and planning
treatment [160, 161]. The process of tumor vascular network growth is governed by a set of
pro- and anti-angiogenic factors. The tumor vasculature emerging from a complex interplay
between spatial constraints, growth factor concentration fields and diffusion of inhibitors has
a different structure than a normal arterio-venous blood vasculature (see also Section 3.4.1
and Section 5.3.2). It is heterogeneous, non-hierarchical and self-similar [162]. The non-trivial
topology of such networks, possessing regions of high density, regions of low density and “holes”
can be quantitatively captured using graph descriptors. For instance efficiency (A.1) allows
for assessment of network ability to transport nutrients, oxygen and drug injections into tumor
tissue.
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Figure 6.2: Densities of tumor vascular networks. The size of graphs grows with consecutive
simulation steps.

The vast number of models of tumor-induced angiogenesis delivers output in a form of
weighted or unweighted graphs. These graphs should be confronted with real vascular net-
works obtained from angiography or confocal microscopy. Thereby, we are able to validate
model by comparing results of in-silico experiments with in-vivo ones. Evaluation of similarity
between networks can be performed by packing various graph descriptors into feature vectors
and embedding graphs into metric space [58]. Moreover, the descriptors can be also used as
a “fingerprints” describing current state of tumor dynamics. The time of graph descriptors
computation becomes critical as far as a number of combinations of model parameters that
should be tested and the sizes of generated networks are concerned.

With a help of model described in [148], we generated 68 tumor vascular networks of size
varying from 47 to 5400 . The sequence contains networks of different maturity and density
(see Figure 6.2), captured at different simulation steps. As explained in Section 6.3.1, with
CUDA implementation of R-Kleene algorithm, all-pair shortest-paths are computed faster for
dense graphs than for sparse ones. We compared graph distance matrix computation times on
Tesla C2070 GPU, GTX 260 and Intel i7-950 CPU. The CPU implementation was executed on
single core, then the time of execution was divided by the number of available parallel threads
(4×2 quad-core + hyper threading) in order to simulate perfect, parallel CPU implementation.
The sample timings are depicted in Figure 6.3. The GPU-enabled analysis is about two orders
of magnitude faster than CPU versions. This gives an opportunity to compare large graphs
in a reasonable time. In the Figure 6.4 we show the effect of R-Kleene algorithm modification
for undirected graphs. After restricting graph type and applying symmetrical distance matrix
updates, we were able to accelerate GPU implementation on average 1.48 times for GeForce
GTX 260 and on average 1.58 times for Tesla C2070. In Figure 6.5, we compare optimized
GPU implementation executed on Tesla C2070 with perfectly-parallelized CPU implementation
executed on Intel i7-950. The speedups for different graph sizes (averaged over 20 executions)
are reported. The average speedup for vascular networks with more than 2000 vertices is 100.98.
The more detailed discussion of the obtained results is presented in Section 6.5.
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Figure 6.3: Comparison of graph distance matrix computation times for tumor vascular net-
works obtained from simulation [148]. Blue and violet lines correspond to CUDA implementa-
tion of R-Kleene APSP algorithm executed on GeForce GTX 260 and Tesla C2070 respectively.
The red line - single core CPU execution of R-Kleene, in-situ implementation (i7-950). The
green line shows CPU time divided by 8 to imitate parallel implementation exploiting per-
fectly 4 cores with hyper threading. Sequential version compiled using gcc 4.3.4 with -04 and
-ffast-math optimization options.
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Figure 6.4: Comparison of two variants of R-Kleene algorithm executed on GPUs: Tesla C2070
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The GPU version was implemented using symmetrical distance matrix updates. The CPU time
divided by 8 as in previous experiments. The average times of 20 executions are presented.
The average value of speedup for graph sizes above 2000 is 101.

6.4.2 GPU-enabled computation of graph invariants
This section reports experiment on networks of large sizes ranging from 21363 to 36863. First,
we generated three artificial complex networks using Eppstein power-law model [61] (EP),
Erdős-Rényi random graph model [62] (ER) and Kleinberg small-world model [101] (KL). Ad-
ditionally, we analyzed three real-world graphs from Stanford Large Network Dataset Collec-
tion [11]. The nodes of Enron email network (EM) represent email addresses, while the edges
model email exchanges between them. The edge exists if at least one email was sent from one
address to another. We extracted GCC of this graph and used it in further analysis. The sec-
ond real-world network (GN) represents Gnutella peer-to-peer file transfers. The vertices of this
graph imitate hosts, while the edges stand for connections between them. We used Gnutella
network shapshot from August 30 2002. The last graph sample is the GCC of Condense Matter
Physics collaboration network constructed on the basis of arXiv e-prints (CM).

In the Table 6.2 we present several graph descriptors computed for the described set of
large graphs with a help of CUDA implementation of R-Kleene APSP algorithm. Addition-
ally, computation time of the distance matrix on Tesla C2070 GPU is reported (float type
used). In Figure 6.6, we show vertex B-matrices of all six networks. As described in Chapter
4, B-matrices reflect structure of underlying graphs and can be used for their visual compa-
rison. For instance, as illustrated by B-matrices in Figure 6.6 and confirmed by descriptor
values, KL network differs from the others significantly. Although it has middle-range density,
its efficiency is the lowest one. In addition, a small difference between diameter and radius
indicates circle-like structure of this network. Relatively narrow histograms in B-matrix reflect
generating mechanism of Keinberg model, which starts with 2D lattice and performs distance-
dependent rewirings. High value of average path length, negatively correlated with efficiency,
indicates inferior transport capabilities of KL network. This is because in the Kleinberg model
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the probability of adding edge between two randomly selected vertices u and v is proportional
to d−2

G (u, v), therefore long-range links forming shortcuts to different parts of a network ap-
pear rarely. In case of real-world networks, we observe similarity of B-matrices for two social
networks EM and CM. Technological network GN appears to have different pattern of k-level
degree frequencies, what reflects different generating mechanism of Gnutella connections. This
conclusion is also supported by scalar descriptors from Table 6.2. The social networks have the
highest values of density, efficiency and the lowest average shortest paths.

a b c

d e f

Figure 6.6: Vertex B-matrices of four large networks: a. Eppstein power-law network (EP), b.
Erdős-Rényi network (ER), c. Kleinberg small-world (KL), d. email Enron network (EM), e.
Gnutella p2p connections (GN) [135], f. condense matter physics collaboration network (CM)
[105]. The networks d,e,f were obtained from Stanford Large Network Dataset Collection [11].

Table 6.2: Descriptors computed for sample large networks
EP ER KL EM GN CM

Vertices 35939 36863 28900 33696 36646 21363
Edges 120000 103287 86612 180811 88303 91286
Density 1.86e-4 1.52e-4 2.07e-4 3.19e-4 1.32e-4 4.00e-4
Diameter 10 12 12 13 11 15
Radius 7 8 10 7 7 8

Efficiency 0.0892 0.0813 0.0665 0.1313 0.0899 0.0990
Average path length 5.74 6.31 7.78 4.03 5.74 5.35

Wiener index 3708445310 4287364508 3248051522 2285058869 3860710021 1221244749
Norm Wiener index 4.79e-4 5.14e-4 8.07e-4 3.58e-4 4.71e-4 7.52e-4

GPU Timea[s] 747.66 797.48 386.13 575.16 796.91 157.43
a Distance matrix computation including device↔ host memory transfers, Tesla C2070, timing using CUDA
event API
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6.5 Discussion
We have presented how to accelerate graph comparison and visualization using GPU imple-
mentations of all-pair shortest-paths and breadth-first-search algorithms. It was shown that
highly-optimized variants of matrix multiplication allow for increasing a size of graphs analyzed
interactively by two orders of magnitude. The contribution of presented research is enhanced
Graph Investigator application capable of performing descriptor calculations for large graphs.
Only available GPU memory limits the size of networks that can be analyzed on the basis of
shortest-paths distance matrix.

In the experimental section we reported significant, two orders of magnitude speedup (Tesla
C2070, GTX 260) over sequential implementation of R-Kleene executed on a single-core of i7-
950 processor. Here, we would like to give several remarks on this result. As described in the
work of Lee et al. [104], the fair comparison of GPU and CPU performance requires applying
appropriate platform-specific optimizations, especially on the CPU side. The authors argue,
that rigorous performance tuning can narrow the gap between GPU and CPU to less than
10 times, depending on a kernel type and a number of cores ratio. They compare efficiency
of high-throughput kernels executed on i7-960 3.2GHz quad-core processor and GeForce GTX
280 with 240 cores using CUDA 2.3. In our study we used Tesla C2070 with 448 computing
cores, i7-950 quad-core 3GHz processor, CUDA 4.0 and sequential code compiled with level
4 optimization. Here, the difference of computing power is more noticeable, what together
with the influence of the newest Fermi GPU architecture and performance enhancements in
CUDA 4.0 allows for obtaining significant speedup. More careful optimization of the CPU code
could decrease difference in APSP computation time. Nevertheless, from the perspective of
Graph Investigator application usability, taking advantage of GPU-enabled algorithms improves
framework interactivity, no mater whether the speedup is 100× or 80×.

The main drawback of presented approach is the limitation for the size of analyzed graph
implied by the need for storing whole distance matrix in GPU memory. This can be partially
overcome by using short type or multi-device programming and unified virtual address space
[13]. Still, the GPU memory and host RAM are limited resources and finally we will get to the
point where distance matrix should be divided into more than 4 blocks and disk↔RAM↔GPU
data transfers together with distance-submatrices processing will have to be performed to obtain
all-pair shortest-paths for a large graph. This is the direction for the future work.
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Chapter 7

Dissertation summary

In this work we addressed the problem of graph comparison and its applications in quantitative
analysis of structured data derived from complex networks and pattern recognition areas. The
author’s contribution to the field is described in the following list.

1. Novel graph embedding method based on distance k-graphs invariants
Graph pattern vectors should be invariant under graph isomorphism. In the existing
graph embedding algorithms, this prerequisite is enforced with the use of permutation in-
variant functions or transformations operating on a sequence of elementary features whose
order depends on initial vertices ordering implied by the graph representation used. For
instance, the spectrum of Laplace matrix, being invariant under similarity transformation,
is frequently employed as an informative set of graph characteristics. In this work we pro-
posed a different approach, which takes advantage of an ordered set of graphs derived from
a source graph on the basis of vertex-vertex dissimilarities. We obtained decomposition of
an original graph into sequence of distance k-graphs and used invariants of those graphs
to form feature vectors reflecting the structure of the source graph. This approach is ge-
neral, in that we can use different vertex-vertex metrics or apply it for weighted graphs as
well. In particular, we studied aggregated degree histograms of distance k-graphs derived
from the shortest path metric, which form so-called B-matrices of a graph. This type of
graph invariants can be computed efficiently using BFS or APSP algorithms constituting
information-rich basis for explicit graph embedding. We have shown, how the structure
of vertex and edge B-matrices is related to the structure of underlying graph and how this
correspondence can be utilized in the generation of a lower-dimensional feature vectors.
Experiments on clusterization and classification with synthetic and real-world structured
data revealed that the new descriptors allow for distinguishing graphs with non trivial
structural differences. Moreover, they appear to outperform descriptors based on the
Laplace matrix decomposition, being at the same time more effective computationally.

2. Graph Investigator application being a self-contained software tool for analysis of clusters
of graphs
We created a publicly available Java program which allows for quantitative analysis and
comparison of grouped and non-grouped network datasets. The application is capable of
computing more than 100 parametrized graph descriptors and performing cluster analysis.
The B-matrix-based visualization and matching are also available. We have demonstrated
how to use Graph Investigator for topological analysis of vascular networks and valida-
tion of tumor-induced angiogenesis models. The presented pure-structural, non-spatially
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7.1 Conclusions

constrained approach allows for analysis of tumor vasculature in case-invariant, universal
manner.

3. Improving interactivity ofGraph Investigator program with the use of GPU-enabled graph
algorithms, which accelerate computation of distance-based graph descriptors
In order to enhance the usability of Graph Investigator application for large and medium-
size graphs, we implemented APSP algorithm in CUDA and harvested computational
power of GPU. Primarily, we used recently described R-Kleene algorithm for APSP prob-
lem and performed optimizations for undirected graphs. This step allowed us to obtain
100× speedup over single-core CPU implementation. As many graph descriptors take
advantage of the information about shortest paths, using GPU-implementation of APSP
and JNI we could significantly improve response times of Graph Investigator in graph
comparison tasks.

7.1 Conclusions
In this dissertation we stated two major theses (Section 1.2), which were critically assessed in
the experimental sections of the Contribution part.

As shown in Chapter 4, vertex-vertex dissimilarity measures, such as shortest-paths or
commute-times, can be used to generate ordered set of distance k-graphs. We proposed to
employ several elementary invariants of those graphs for extraction of expressive graph features.
Two types of distance k-graphs were studied: vertex distance k-graph and edge distance k-
graph. In particular, we investigated degree distributions of distance k-graphs forming B-matrix
representations invariant under graph isomorphism. We introduced six graph descriptors based
on B-matrix that is D?

long (row-aggregated B-submatrix), D?
rstd (relative standard deviations

of B-matrix rows), D?
ent (Shannon entropies of B-matrix rows), D?

avgd (differences between
row-averages of B-matrix), µ? (row average values) and σ? (row standard deviations). The
experiment testing the relation between graph edit distance and Euclidean distance derived from
those embeddings showed that our pattern vectors follow graph edit distance nearly linearily.
This confirms stability of the new embedding method. In the tests on unsupervised learning
using sythetic data (Section 4.3.2) and metabolic networks (Section 3.3.1) we demonstrated that
our descriptors outperform reference, state-of-art explicit graph embedding methods. This
is also true for not-parameterized PCA dimensionality reduction, what makes our approach
practical in many applications as there is no need to estimate values of any parameters. It
was shown that long pattern vector D?

long is particularly useful in graph comparison, yielding
satisfactory results in all experiments. We futher demonstrated the relevance of B-matrix-based
features in classification of satellite photos (Section 4.3.4). In this experiment we received on
average 10% better classification accuracy than for reference descriptors. The mutagenicity
dataset from benchmark IAM database was utilized for testing purely-structural supervised
learning with DElong pattern vector. After performing feature selection on DElong descriptor, we
obtained good classification rate with relatively low computational cost. These results are only
slightly worse than the ones got for computationally expensive method based on graph edit
distance, which takes into account both structure and attributes. The experiments mentioned
above support thesis stated in Section 1.2, point 1.

In Chapter 5 we described Graph Investigator application, developed as a software contri-
bution of this work. The program is a self-contained framework for analysis of graphs using
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methods of statistical pattern recognition. Graph Investigator allows for computation of over
100 graph descriptors, including novel invariants described in Chapter 4. We demonstrated
how our application can be utilized in analysis of vascular networks. The sample use cases
include investigation of brain vasculature (Section 5.3.1) and tracking evolution of tumor vas-
culature modeled using cellular automata paradigm (Section 5.3.2). In Chapter 6 we showed
how to improve interactivity of Graph Investigator application by implementing APSP and
BFS graph algorithms in CUDA and utilizing them inside Java program via JNI. In particular,
the enhanced, GPU-enabled version of APSP R-Kleene algorithm, executed on Nvidia Tesla
C2070 allowed us to obtain 100× speedup in the computation of graph distance matrix. This
is benefitial as many descriptors which take advantage of distance information (see Section 6.1)
can be computed more efficiently, for instance in time less than 3 seconds for graphs of size
104. The research described in this part of the dissertation supports thesis stated in Section
1.2, point 2.

7.2 Relevance of results
The new method for graph feature vector generation presented in our work was compared with
a set of descriptors from theory of complex networks and the state-of-art spectral method based
on heat kernel matrix. It was shown in the work by Xiao and Hancock [166] (2009) that those
descriptors outperform previously known spectral embeddings [107, 164], being more expres-
sive and allowing for navigation between local and global features using time parameter. By
selecting most robust heat kernel descriptors Dhkc and Dhkcc (see A.15) we aimed to perform
fair comparison between our method and spectral embeddings. Focusing on descriptors de-
rived from B-matrices, we proposed a method, which is less expensive computationally than
eigendecomposition, particularly for sparse graphs being more frequent in real-world applica-
tions. Moreover, graph distance computation can be performed with a single precision or even
using integer types. Also numerical stability is not an issue in APSP algorithms. The graph
invariants based on distance k-graphs allow for generation of high-dimesional feature vectors
forming an interesting alternative for other graph embedding methods.

Although there exists a number of software graph analysis tools (see Section 5.1), we de-
cided to develop Graph Investigator application to have at hand the program which would
allow for a comparison of groups of graphs and flexible addition of new graph descriptors.
The group-based comparison is a feature not present in related applications. In order to get a
self-contained framework, we also added functionalities like visualization, import/export, con-
version, component extraction, etc. Nevertheless graph embedding and analysis using methods
of statistical pattern recognition was our main goal. The application was particularly useful in
the study of angiogenesis models built by Topa [148] and Wcislo [161] but it can also support
the analysis of different structural datasets (see Section 4.3).

After integrating Graph Investigator with CUDA-enabled APSP R-Kleene algorithm (de-
scribed by Buluç in 2010, [38]) via JNI we got a more robust tool. With this improvement
our application is capable of computing distance-based graph descriptors for large graphs in an
interactive way.
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7.3 Discussion
The comparison of structured objects using explicit graph embedding is a convenient method-
ology for building a bridge between structural and statistical pattern recognition, nevertheless
it also brings certain pitfalls. A part of them were addressed in Section 2.2. Here, we would
like to discuss the weaknesses specific to matching based on distance k-graphs and limitations
of implemented software.

As the number of non-zero rows in B-matrix depends on a graph diameter, the presented
approach for graph comparison is diameter-centered. The B-matrices of graphs with distant
diameters differ significantly thus dissimilarity ranks computed on the basis of our descriptors
will be high. In a general case it seems reasonable and more appropriate than building pattern
vectors of dimensionality dependent on a number of vertices. For a significant part of graphs
the diameter grows slowly with the number of vertices (e.g. for small-world networks or Erdős-
Rényi graphs diam(G) ∼ log(n)), therefore our method is less vulnerable to different-size
effects. Nevertheless, to extract topological features common for topologically similar graphs
with much different diameters, e.g., small 2D mesh and large 2D mesh, we need to adjust
bin sizes and perform normalization (see Section 4.2), obtaining coarse-grained B-matrices.
Selection of a relevant subset of B-matrix features is also an important issue (especially for
high-dimensional D?

long descriptor). In case of supervised learning this can be achieved using
validation set (Section 4.3.5) but for unsupervised learning one needs to use dimensionality
reduction techniques or apply additional knowledge such as selecting lower-rows of B-matrix
for more local features.

The greatest limitation of Graph Investigator application is time-expensive computation of
more elaborate graph descriptors for large or even medium-size graphs. We tackled this problem
by employing CUDA-enabled APSP algorithms, what brought significant performance boost
to our application. Nevertheless, the improvement works only for graph descriptors based on
distance information. Due to limited GPU memory we are able to use this algorithm only for
graphs with number of vertices less than 56281. The larger datasets shall be analyzed in a
different way and this problem will be addressed in future works.

7.4 Future work
We plan to perform futher study of distance k-graphs properties including application of
other vertex-vertex dissimilarity measures (not necessarily metrics) such as commute-time,
f -communicability or longest-paths. This, together with the use of different distance k-graph
invariants like clustering coefficient, can bring new robust graph descriptors. Also generation of
vertex invariants and edge invariants on the basis of ordered set of k-shells is worth future in-
vestigation. As B-matrices can be used for visual assessment of graph structural characteristics,
their application for visual evaluation of clustering based on kNN graphs seems promising.

The Graph Investigator application will be further developed, hopefully with a contribution
and feedback from many users. There are also plans to integrate Gin program with an intera-
ctive tool for planning cancer treatment as a part responsible for simulation results validation
and quantitative analysis of vasculature [160].
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Appendix A

Graph descriptors

A.1 Efficiency
Efficiency [30] is the harmonic mean of geodesic lengths over all couples of nodes. The nor-
malization factor n(n− 1), proportional to number of node couples, ensures that it lies within
range [0, 1].

Ef(G) = 1
n(n− 1)

∑
u,v∈V (G),u6=v

1
dG(u, v) (A.1)

Efficiency measures the traffic capacity of a network and reflects its parallel-type transfer ability.

A.2 Wiener index
Wiener index, proposed in [163], is a sum of lengths of the shortest paths between every pair
of vertices in a given graph G.

W (G) = 1
2

∑
u∈V (G)

∑
v∈V (G)

dG(u, v) (A.2)

It is used in chemistry as a topological index of molecule, reflecting its branching and correlated
with its van der Waals surface. Wiener index reaches minimal value 1

2n(n− 1) for a complete
graph and maximal value 1

6(n3− n) for a path graph, where n is the number of vertices. Using
the latter formula we can normalize Wiener index as follows

Wn(G) = 6W (G)
n3 − n

, (A.3)

obtaining Wn(G) ∈ [0, 1].

A.3 Clustering Coefficient
This graph descriptor measures neighborhood connectivity used to indicate small-worldliness
of a network [159]. The clustering coefficient of vertex v defined as follows:

C(v) = 2|{eij}|
kv(kv − 1) , (A.4)
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A.4 Weighted clustering coefficient

where i, j ∈ Nv and eij = {i, j} ∈ E(G), is a ratio of number of connections between neighbors
of vertex v (denoted by |{eij}|) to number of links that could possibly exist between them, i.e.,
kv(kv − 1)/2. Clustering coefficient quantifies local topology of a graph, reflecting how close
the neighborhood of a given vertex is to form a complete graph. The clustering coefficient for
a graph G with n vertices is an average of clustering coefficients for each vertex.

C(G) = 1
n

∑
v∈V (G)

C(v) (A.5)

The clustering coefficient C(G) is related to the number of triangles (closed triplets) in a
graph. The above formula is undefined for vertices of degree 1 or 0. In these cases C(v) is
usually set to 0, however as pointed out in [94], such procedure may lead to biased assessments
of neighborhood clustering when undefined values dominate average. Therefore, additionally
we provide different graph clustering coefficient computed using vertices with more than one
neighbor [94]:

C ′(G) = 1
n′

∑
v∈V (G):kv>1

C(v), (A.6)

where n′ is the number of vertices of valence greater than 1.

A.4 Weighted clustering coefficient
Generalized clustering coefficient introduced in [95] quantifies local neighborhood connectivity
and is used for assessment of small-worldliness of a weighted network.

WCC(G) = 1
n

n∑
k=1

(R3)k,k
(eT rk)2 − ‖rk‖2

2
, (A.7)

where R is matrix of non-negative edge weights, rk denotes k-th row of matrix R and e is an
all-ones vector.

A.5 Average path length

Apl(G) = 2
n(n− 1)

∑
u,v∈V (G)

dG(u, v), (A.8)

A.6 Graph diameter
The diameter of graph G, diam(G), is the maximum length of distance between any two vertices
in the graph.

diam(G) = max
u,v∈V (G)

dG(u, v) (A.9)

This measure reflects the density of graph connections, achieving its maximal value for
paths, and minimal for cliques.
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A.7 Subgraph Count
The lth-order Subgraph Count for a graph G, lSC(G), is a number of connected subgraphs with
k edges.

lSC(G) = |{H = (V (H), E(H)) ⊂ G : |E(H)| = l ∧ diam(H) < +∞}| (A.10)
This descriptor shows how many specified subgraphs with k edges occur in the graph. It can
be normalized as follows

kSCn(G) =
kSC(G)
kSC(K) , (A.11)

where K is a complete graph (clique) with n vertices. The common descriptors, derived from
generic SC descriptors are Platt Index [121] (l = 2) and Gordon-Scantleburry Index [79] (l = 3).
They reach their maximal values for cliques.

A.8 Betweenness Centrality
Centrality is a measure of relative importance of graph vertex according to given criteria.
Betweenness measures are a kind of centrality measures used often in the analysis of social
networks or citation networks. They tend to evaluate the influence of each vertex on spreading
information over the graph. Shortest-path betweenness is a widely used centrality measure
defined as a fraction of the shortest paths between pairs of vertices in a graph that pass through
given vertex [71], [35], i.e.,

BC(v) =
∑

s 6=v 6=t∈V (G)
s 6=t

σst(v)
σst

, (A.12)

where σst(v) is the number of the shortest paths from s to t which pass through v and σst
denotes the total number of the shortest paths from s to t. It measures to what extent a given
vertex is needed by other vertices to transfer information through the shortest paths. The
betweenness centrality for a graph G with n vertices is an average of betweenness centrality for
each vertex.

BC(G) = 1
n

∑
v∈V (G)

BC(v) (A.13)

A.9 Random Walks Betweenness Centrality
The shortest path betweenness described above aims at evaluating the influence of each vertex
on spreading information over network through geodesic routes. This model assumes that
information does not move through other non-optimum paths, what in many cases is not true.
In [117], Newman proposed a general betweenness measure, which takes into account all paths
between any two nodes yet giving greater weight to shorter paths. This betweenness can be
defined either by an analogy to current flow in an electrical network or by random walks. These
two definitions are equivalent. In the first one, we treat a graph as an electrical circuit with
unit resistances on edges and average the current flowing through given vertex out, involving
all pairs of current-in and current-out. In the latter definition, one calculates the mean number
of passages the random walker travelling between any pair of nodes makes through a given
vertex. The random walks betweenness centrality RWB(G) is an average of random walks
betweenness centrality for each vertex.
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A.10 Information of vertex degrees
Ivd(G) =

∑
v∈V (G)

(kv · log2 kv) (A.14)

Reflects connectivity and topological complexity in terms of number of branches, cycles, cliques
etc.

A.11 Estrada Index
The Estrada Index is a spectral descriptor, defined as a trace of the exponential adjacency
matrix. It quantifies the content of subgraphs in the graph [63] taking into account closed
walks of lengths 2 to ∞, encoded on the diagonal of powered adjacency matrix.

EE(G) =
n∑
i=1

exp(λi) = tr(eAG), (A.15)

where λi is i-th eigenvalue of adjacency matrix AG and eAG is defined as follows

eAG = I + AG + A2
G

2! + A3
G

3! + . . . (A.16)

A.12 Density
The density descriptor is a ratio of number of exiting edges to the number of all possible edges
in a given graph G.

density(G) = 2m
n(n− 1) (A.17)

A.13 Volume
The volume of a graph is a sum of degrees for all vertices.

vol(G) =
∑

v∈V (G)
kv (A.18)

A.14 Cheeger constant
For a graph G = (V (G), E(G)) and subset of vertices U ⊂ V (G), the normalized cut is defined
as follows

φ(G,U) = e(U,UC)
min(vol(U), vol(UC)) , (A.19)

where UC denotes the complement of U in graph G, e(U,UC) is the number of edges with one
vertex in set U and second vertex in set UC , while vol(. . .) denotes volume of induced subgraph.
The Cheeger constant or isoperimetric number of the graph is defined as minimum achievable
ratio φ(G,U), that is
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A.15 Heat kernel invariants

φG = min
U⊂V (G)

e(U,UC)
min(vol(U), vol(UC)) . (A.20)

A.15 Heat kernel invariants
Heat kernel - the fundamental solution of heat equation associated with the Laplacian (see
Equation A.21 and Equation A.22, φi denotes eigenvector associated with an eigenvalue λi)
allows for construction of valuable graph descriptors that additionally can be scaled by the
time parameter [166]. This enables to navigate between local properties (low values of t) and
global properties (high values of t) of a graph.

∂ht
∂t

= −LGht (A.21)

ht = exp(−LGt) =
n∑
i=1

exp(−λit)φiφTi , (A.22)

ht(u, v) =
n∑
i=1

exp(−λit)φi(u)φi(v). (A.23)

Graph characteristics generated on the basis of heat kernel [166] include heat kernel content
invariant:

Dhkc(t) =
∑
u∈V

∑
v∈V

n∑
k=1

exp(−λkt)φk(u)φk(v), (A.24)

and heat kernel content coefficients invariant:

Dhkcc(m) =
n∑
k=1


(∑
u∈V

φk(u)
)2
 (−λk)2

m! , (A.25)

where (λk, φk) is k-th eigenpair of normalized Laplace matrix of graph G.
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Appendix B

Graph Investigator

Here we present the rest of network descriptors available in Graph Investigator, not included in
Appendix A. First table contains scalar descriptors assigned to graph. Next, we list vertex and
edge descriptors intended for local topology analysis. Statistical moments of these metrics can
be used to generate general graph descriptors. Graph Investigator enables to compute mean,
standard deviation, skewness and kurtosis of vertex or edge descriptors.

B.1 General graph descriptors
Descriptor Remarks
Randić Connectivity Index [128] χ(G) =

∑
(v,w)∈E(G)(kvkw)−1/2,

|E(G)|χ(G) 6 |E(G)|
|V (G)|−1

Connectivity measure derived from chemical
graph theory

General Connectivity Index [98] lχ(G) =
∑

Pl⊂G

(∏
w∈VP

kw

)−1/2
,

where Pl denotes path of length l, and VP all
vertices that belong to this path

Zagreb Index M1 [84] M1(G) =
∑

v∈V (G)(kv)2

Zagreb Index M2 [84] M2(G) =
∑

e∈E(G) we,
where we is the weight of edge e. For un-
weighted graphs ∀e∈E(G) we = 1

Modified Zagreb Index mM1
[119]

mM1(G) =
∑

v∈V (G)(kv)−2

Modified Zagreb Index mM2
[119]

mM2(G) =
∑

e∈E(G)(we)−1

Total Adjacency Index A(G) =
∑

v∈V (G) kv = 2|E(G)|
Modified Total Adjacency Index mA(G) =

∑
v∈V (G)(kv)−1

B Index [31] B(G) =
∑

v∈V (G)
kv

dv
,

where dv is the vertex distance (see B.2) for
vertex v
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B.2 Vertex descriptors

Density of edges Den(G) = 2m
n(n−1) ,

where m = |E(G)|
Radius of graph r(G) = minv∈V (G) ev,

where ev is eccentricity (see B.2) of vertex v
Total Walk Count [137] Counts all paths of all lengths in the graph

and depends on the size, cyclicity and branch-
ing of the graph, quantifying property called
labyrinthicity.

B.2 Vertex descriptors
Descriptor Remarks
Vertex distance Sum of distances between v and all other ver-

tices from graph G,
dv =

∑
w∈V (G) dG(v, w)

Eccentricity Maximum distance between vertex v and any
of the remaining graph vertices,
ev = maxw∈V (G) dG(v, w)

Vertex B Index bv = kv

dv
,

where dv is vertex distance for vertex v

Randić Shortest Path Index mχ(G) =
∑

P∈Pm

(∏
u∈V (P ) ku

)−1/2
,

where
Pm = {P (v, w) ⊂ G : d(P (v, w)) = m}

Page Rank [80] Vertex importance measure based on graph
random walks model. Determines probabil-
ity of turning up in vertex v after long-time
random walk

Hubs and Authorities measure
[100]

Evaluates authority of a vertex on the basis of
link structure

Local efficiency [30] Eloc(v) = E(Gv),
where Gv is a subgraph of neighbors of v and
E(. . .) is graph efficiency.

Closeness Mean distance to any other vertex,
cv = 1

n−1
∑

u∈V (G),u6=v dG(u, v)

B.3 Edge descriptors
Descriptor Remarks
Edge connectivity EConn(e) = kv · kw

Range of edge [158] g(e) = dG′(v, w),
where G′ = (V (G), E(G)\{e})

Edge frequency [77] The edge frequency for edge e, is a number of
shortest paths, which contain edge e

Edge betweenness Measures relative importance of an edge in
shortest-path transfer through graph edges.
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Appendix C

Clustering validation indices

C.1 Davies-Bouldin Index
Davies-Bouldin Index [83] is defined as follows

DB = 1
m

m∑
i=1

max
j=1,...,m;j 6=i

dij, (C.1)

dij = σi + σj
d(ci, cj)

, (C.2)

where m is a number of clusters, σi is an average distance of all points in cluster i to their
cluster center ci and d(ci, cj) is a distance between cluster centers ci and cj. Davies-Bouldin
index lies within range [0,∞) with small values indicating good clustering.

C.2 C Index
The C Index [83] is defined as a quotient

C = S − Smin
Smax − Smin

, (C.3)

where S is the sum of distances over all k pairs of points from the same cluster, Smin is the sum
of k smallest distances for all pairs of points, whereas Smax is the sum of k greatest distances
for all pairs of points; C ∈ [0, 1] with small values indicating good clustering.

C.3 Rand Index
The Rand Index [127] is used to evaluate similarity between two clusterings. Particularly, in
this work we employ it for validation of unsupervised learning results. To this end we compare
real cluster memberships with a results of k-NN algorithm by measuring fraction of agreements
to disagreements in cluster assignments. If over a half of neighborhood of given object i belongs
to the same class as i, we count it as agreement.

R = L

L+ P
, (C.4)
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C.3 Rand Index

where L is the number of agreements and P is number of disagreements in the cluster assign-
ments; R ∈ [0, 1] with values close to 1 indicating good clustering.
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Appendix D

Commute Time

The commute time is a vertex-vertex metric related to random walks on a graph. The notion
is also linked to a diffusion process on a graph and heat kernel matrix (see A.15). Let us first
recall definition of hitting time from a work by Qiu and Hancock [123].

Definition D.0.1 The hitting time HT (u, v) of a random walk on a graph is the expected
number of steps before node v is visited, starting from node u.

Definition D.0.2 The commute time CT (u, v) is the expected number of steps for a random
walker to travel starting from node u, reaching node v and coming back to u.

CT (u, v) = HT (u, v) +HT (v, u) (D.1)

Let (λk, φk) be the k-th eigenpair of normalized Laplace matrix of graph G (LG). The nor-
malized Green’s function, being the pseudoinverse of the normalized Laplacian LG, can be
expressed as follows

G(u, v) =
n∑
i=2

1
λi
φi(u)φi(v). (D.2)

As presented in [43], the hitting time can be computed using following expression

HT (u, v) = vol(G)
kv
G(v, v)− vol(G)√

kukv
G(u, v), (D.3)

after taking the above equations, we can obtain formula for commute time

CT (u, v) = vol(G)
n∑
i=2

1
λi

(
φi(u)√
ku
− φi(v)√

kv

)2

. (D.4)

The commute time metric is used in dimensionality reduction algorithms and clustering graphs
[123].
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Notation

G = (V (G), E(G)) – graph with vertices set V (G) and edges set E(G)

V̂ (G) – subset of V (G) containing vertices with non-zero degree

Gn,m – graph with n vertices and m edges

AG – adjacency matrix of graph G

MG – incidence matrix of graph G

LG – combinatorial Laplace matrix of graph G

LG – normalized Laplace matrix of graph G

n – order of graph (number of vertices)

m – size of graph (number of edges)

euv = {u, v} ∈ E(G) – undirected edge (unordered pair of vertices)

u ∼ v – adjacent vertices u and v

dG(u, v) – length of the shortest path between u and v (distance between vertex u and v)

dEG(w, euv) – the distance from a vertex v to an edge euv

Nv – neighborhood of vertex v (the set of vertices adjacent to vertex v)

kv or deg(v) – degree (valence) of vertex v (a number of edges which join v with its neighbors)

k(G) – mean vertex degree of graph G

G ' H – graph G is isomorphic to graph H

G
α' H – graph G is isomorphic to graph H wiht α denoting isomorphism

G 6' H – graph G is not isomorphic to graph H

DG – the set of all descriptors of graph G

Gn,m – the set of all graphs with n vertices and m edges

G – the set of all graphs

Iso(G) – the set of all graphs isomorphic to G
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∆A(G) – spectrum (set of eigenvalues) of graph G adjacency matrix A

∆L(G) – spectrum (set of eigenvalues) of graph G Laplace matrix L

X(k, :) – k-th row of matrix X

X(:, k) – k-th column of matrix X

(S,⊕,⊗, 0, 1) – semiring, where ⊕ and ⊗ are binary operations on set S,

0 is neutral element of ⊕ operation and 1 is neutral element of ⊗ operation

GVk – distance k-graph derived from graph G

GEk – edge distance k-graph derived from graph G

Gk – k-th power of a graph G

BV – vertex B-matrix of a graph

BE – edge B-matrix of a graph

n4(G) – number of triangles in the graph G
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Abbreviations

API – Application Programmer Interface

APSP – All-Pair Shortest-Paths

BFS – Breadth-First Search

CSV – Comma Separated Values

CUDA – Compute Unified Device Architecture

d.p. – definite positive graph kernel

GCC – Greatest Connected Component

Gin – Graph Investigator application

GPGPU – General-purpose computing on graphics processing units

GPU – Graphical Processing Unit

JNI – Java Native Interface

JRE – Java Runtime Environment

kPCA – kernel Principal Component Analysis

LDA – Linear Discriminant Analysis

LLE – Locally Linear Embedding

LPMIP – Locality-Preserved Maximum Information Projection

MM – Matrix Multiplication

MMC – Maximum Margin Criterion

PCA – Principal Component Analysis

SIMD – Single Instruction Multiple Data

SM – Streaming Multiprocessor

SP – Single Precision

SVD – Singluar Value Decomposition
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SUMMARY

We have designed a web-based software system for real-time interactive visualization of results taken from
large-scale simulations of 3-D mantle convection and other large-scale modeling efforts. This approach
allows for intense visualization sessions for a couple of hours as opposed to storing massive amounts
of data in a storage system. Our data sets consist of 3-D data with over 10 million unknowns at each
time-step to be used for volume rendering. Large-scale interactive visualization on a display wall holding
15 million pixels has already been accomplished. With the advent of the age of the mobile web, we have
now extended this tactic to hand-held devices, such as the OQO, Nokia N800, netbooks, iPHONE, and
Android OS phones. We are developing web-based software in Java to extend the ubiquitous use of this
system across long distances. The software is aimed at creating an interactive and functional application
capable of running on multiple browsers by taking advantage of two AJAX-enabled web frameworks:
Echo2 (http://echo.nextapp.com/site/echo2) and Google Web Toolkit (http://code.google.com/webtoolkit/).
Modular building of the system allows for components to be swapped out so that other forms of visualization
can be accommodated, such as molecular dynamics in mineral physics or 2-D data sets from the regional
convection models. Copyright © 2009 John Wiley & Sons, Ltd.

Received 15 January 2009; Accepted 24 July 2009

KEY WORDS: interactive visualization; 3-D mantle convection; Java

∗Correspondence to: Jonathan C. McLane, Minnesota Supercomputing Institute, University of Minnesota, Minneapolis, MN
55455, U.S.A.

†E-mail: gordon.diehard@gmail.com

Contract/grant sponsor: National Science Foundation

Copyright q 2009 John Wiley & Sons, Ltd.

110



Invariants of Distance k-Graphs for Graph Embedding
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Abstract

Graph comparison algorithms based on metric space embedding have been
proven robust in graph clustering and classification. In this paper we propose
graph embedding method exploiting ordered invariants of distance k-graphs,
which encode structure of shortest-paths. We study degree histograms of
those graphs and use them to construct permutation invariant graph repre-
sentation called vertex B-matrix. In order to extract more information from
structural patterns we also define edge distance k-graphs and associated edge
B-matrix. Next, several new graph characteristics obtained by condensing
information stored in B-matrices are introduced. We demonstrate that our
approach provides stable embedding, which capture relevant graph features.
Experiments on classification with satellite photo and mutagenicity bench-
mark datasets revealed, that new descriptors allow for distinguishing graphs
with non trivial structural differences. Moreover, they appear to outperform
descriptors based on heat kernel matrix, being at the same time more ef-
fective computationally. In the end we test feature selection on B-matrices
showing that selecting right B-submatrix can improve classification rate on
testing datasets.

Keywords: graph embedding, graph invariants, b-matrix

1. Introduction1

With a continuous rise of structured data volume, graph mining becomes2

complex and computationally challenging task. This is observed both in3

structural pattern recognition and complex networks areas, where increasing4

Preprint submitted to Pattern Recognition Letters September 19, 2011
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